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Abstract

The rapid growth of wireless communication systems has placed increasing demands
on the design of semiconductor devices for analog applications. In particular, large signa
distortion effects are of critical importance in microwave and RF communication circuitry.
Physics-based device-level simulation of these effects can be an important aid in the
analog device design process. However, the transient analysis capability present in
traditional semiconductor device simulators is inadequate for large signal distortion
analysis. The most notable shortcomings of conventional transient analysis areitsinability
to directly capture the steady state response of systems driven by quasiperiodic inputs,
along with its poor performance in the presence of widely separated spectral components.

To address the aforementioned shortcomings of traditional time domain methods, a
harmonic balance analysis capability was added to the PISCES-II device simulator.
Harmonic balance, a frequency domain steady state solution technique for anayzing
nonlinear systems, is well-suited for high-frequency analog applications such as RF and
microwave communication systems. Algorithms for applying the harmonic balance
method to large-scale systems of semiconductor device equations are presented, and the
suitability of the techniques for practical problems is demonstrated. In particular, Krylov
subspace solution techniques with special-purpose preconditioners are introduced to solve
the large systems of equations that arise. Algorithms for reduced memory usage are
presented. Device-level harmonic balance analysisis applied to simulating harmonic and
intermodulation distortion in industrial device structures, and the simulation results are
compared to experimental measurements. Competing algorithms, such as the circuit
envelope technique and the shooting method, are briefly reviewed and compared to
harmonic balance.
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Chapter 1

| ntroduction

Semiconductor device simulation has played akey role in the design and devel opment
of novel device structures and technologies. Although analog device designs have
benefited greatly from physics-based device simulation, the important area of large signal
steady-state analysis has been somewhat neglected by the device simulation community.
With the rapid growth of wireless communication systems and other analog designs where
harmonic distortion is critical, there has been an ever-increasing need for such anaysis
capabilities at the device simulation level.

This work presents algorithms, results, and application examples aimed at solving
nonlinear frequency domain steady-state device simulation problems. Stanford
University’s popular device simulator, PISCES-I1 [10], is extended to support a harmonic
balance analysis capability. Harmonic balance, a frequency domain steady state analysis
method for nonlinear systems, is well-suited for high-frequency analog applications such
as RF and microwave communication systems. Algorithms for applying the harmonic
balance method to large scale systems of semiconductor device equations are presented,
and the suitability of the techniques for practical problemsis demonstrated.
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1.1  Background

Analog circuit designers have long recognized the drawbacks and limitations of
SPICE-like [12] transient analysis. Although extremely effective on many problems,
traditional time domain approaches often fall short when applied to simulating the steady
state response of systems with long time constants or widely separated spectra
components. Many analog designs require the simulation of steady-state quantities such as
harmonic distortion, and fall precisely into the aforementioned domain. The presence of
stiff bias elements (such as RF chokes and blocking capacitors) along with potentially
narrowband high-Q filters introduces the long time constants, and thus necessitates
simulation over a prohibitively large number of periods to reach steady state. In addition,
many high-frequency linear elements accounting for dispersion, loss, and parasitic
components are extremely difficult to model in the time domain.

The recognition of these difficulties by high-frequency circuit designers has led to
demand for and the development of alternate circuit simulators over the past decade.
Harmonic balance [21][22][27], a nonlinear frequency domain analysis technique, has
emerged as awidely accepted solution to many of the shortcomings that conventional time
domain simulators have in the high-frequency analog arena. With the introduction of UC
Berkeley’s nonlinear frequency domain Spectre simulator [27], and the development of
commercial harmonic balance simulators by Hewlett-Packard, EEsof!, and Compact
Software, nonlinear frequency domain analysis has assumed its current position as the
method of choice for simulating most nonlinear microwave designs, and for analyzing a
large number of the RF designs as well.

1.2 M otivation

To demonstrate the inherent limitations of transient analysis in the context of RF
simulation, we present an illustrative example. The example isa small mixer circuit which
highlights the major problem areas associated with standard time domain simulation
algorithms. In this section, we will approach the example from a circuit-level perspective,

1. Subsequently acquired by Hewlett-Packard.
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since the points made are equally applicable to both the circuit and device ssimulation
areas. Subsequent chapters will focus on the problem from a device-level perspective, and
the example will be revisited in the context of device simulation in Section 6.3.

The circuit configuration shown in Figure 1.1 below is designed to downconvert an RF

% VL
— Vp
Figure1.1 A single-transistor downconverting mixer

circuit. The resonant filter is tuned to the
difference of the RF and L O frequencies.

(5)

2+

Vrr l
o

C

signal at some frequency f ; to an output IF signal at frequency f;; = f .—f . The
downconversion is accomplished by mixing the RF input with a loca oscillator (LO)
sinusoid having frequency f, <f . In addition to the desired IF output signal, the BJT
nonlinearities introduce large undesired harmonic distortion products at 2f,¢, 3f., ...,
aong with an LO feedthrough term at f, 01. The purpose of the tuned RLC filter is to
remove these undesired distortion products from the output waveform, while retaining the
desired signal at f.;. The center frequency of the filter

1. Ingeneral, the harmonic content of the IF output signal will include terms of the form
mf ; + nf, for integer combinations of mand n.
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Figure 1.2 Simulation results for Q=100. The two plots on the left side show the
| F output spectrum at steady state. The top plot on the right side
illustrates the time domain IF waveform once steady state has been
reached, while the bottom right plot shows the transient build-up.

1
O on/C

must be chosen such that f, = f.., and the quality factor

Q=R J(E 1.2
needs to be selected so that the bandwidth of the filter (f,, = f,/Q) istight enough to

remove the distortion components at frequencies of 2f,. and above.

f (11
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| F output spectrum at steady state. The top plot on the right side
Illustrates the time domain IF waveform once steady state has been
reached, while the bottom right plot shows the transient build-up.

Figure 1.2 and Figure 1.3 show simulation results obtained with HP’'s Microwave
Design System [13] for Q values of 100 and 40, respectively, with R=15kQ, f , = 1.1
MHz, f,; =1.0MHz, and f,; = 100 kHz. The two plots on the left side of each figure show
the harmonic content of the IF output waveform at steady state, with the lower left plot
containing a zoomed-in version (0 Hz - 1 MHz) of the upper left plot. The plots on the

right side of each figure show the corresponding time domain results, with the upper right
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plot showing the |F waveform after steady state has been reached, and the lower right plot
showing the transient build-up to steady state.

Transient analysis faces two major difficulties in coping with examples such the one
presented here. The first of these difficulties has to do with the potentially long time
constants introduced by passive components like high-Q (narrowband) filters. Because
analog circuit designers are typically interested in the steady state response of nonlinear
systems, a conventional time domain simulator must integrate over the start up transients
until they decay to the point where they are negligible. The lower-right plot of Figure 1.2
shows the initial transient behavior when the Q of the RLC filter is 100. As expected, the
corresponding plot of Figure 1.3 shows that the transient region is smaller when the Q is
reduced to 40. Long time constants are not restricted solely to narrow bandwidth filtering
circuitry; they also arise in connection with other passive elements (such as RF chokes and
DC blocks) critical to many RF circuits.

A second major difficulty faced by standard transient ssmulators has to do with the
wide range of frequencies present in many practical RF and microwave circuits. For
example, the IF frequency of the examplein this section is 100 kHz, which corresponds to
aperiod of 10 pus. The RF frequency, on the other hand, isat 1.1 MHz, corresponding to a
period of lessthan 1 ps. Furthermore, harmonics of the RF and LO must be accounted for,
potentially pushing the associated period to around 0.1 us if, for example, 9 harmonics
are needed. Thiswide disparity in the length of the periods means that transient simulators
must integrate over a large number of time points to cover afull IF period (see the lower
right plots of the figures above for an illustration). Furthermore, as we saw in the
preceding paragraph, the simulator must cover many periods of the IF signal in order to
reach steady state. It should be pointed out that the example frequencies chosen in this
section actually understate the problems faced by transient analysis. In redlity, it is very
common to encounter microwave systems having signals that include spectral components
ranging from the kHz to the GHz range. We picked arelatively low RF frequency only for
ease of plotting and presenting the data.

1.3 Overview and Outline

The shortcomings of conventional transient analysis at the RF/microwave circuit level
have led to the development of nonlinear frequency domain simulation technigques such as
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harmonic balance. The goal of thiswork isto extend the applicability of harmonic balance
to the semiconductor device simulation level. By far the largest obstacle to employing
harmonic balance for device simulation problemsisthe extremely large size and relatively
high density of the semiconductor device Jacobian when compared to its circuit
counterpart. We will demonstrate that this obstacle can be overcome through use of
algorithms that carefully exploit the special structure of the device Jacobian.

This thesis consists of seven chapters. The current chapter presents the background
and motivation for this work, and outlines the organization of the thesis. Chapter 2 then
proceeds to give an overview of the kinds of nonlinear state equations that arise in circuit
and device simulation, along with a discussion of how the nonlinearities lead to large
signal distortion. Some standard metrics and figures of merit (e.g., gain compression and
intercept points) commonly used by RF and microwave designers are briefly discussed.
The details of formulating the constitutive equations for both circuit and semiconductor
device simulation problems are then presented, including a subsection on how mixed
circuit- and device-level ssmulation matrices may be formulated. The chapter concludes
with a brief discussion of standard transient methods that can be used for solving the
nonlinear state equations.

The harmonic balance algorithm is presented in Chapter 3. Solution methods based on
direct factorization techniques are discussed, and shown to be inadequate for handling the
large Jacobians encountered in HB-based device analysis. Algorithms to successfully cope
with these kinds of problems are developed in Chapter 4. Linear iterative solvers (in
particular, the GMRES agorithm) are employed in conjunction with special-purpose
preconditioners developed specifically for semiconductor device applications. Specific
techniques for efficiently applying Krylov subspace solution methods to the device-level
harmonic bal ance problem are discussed.

The algorithms of Chapter 4 are the foundation on which thiswork is based; Chapter 5
provides an overview of two competitive algorithms that have unique strengths and
weaknesses relative to the methods of Chapter 4. The algorithms reviewed are circuit
envelope simulation and the matrix-implicit shooting method. These are compared to the
harmonic bal ance algorithms chosen as the foundation of this work.

Chapter 6 provides several practical examples originating from both industrial and
academic sources. These provide valuable benchmark data, and serve as testimonials to
the code's applicability to solving realistic problems. Examples include both amplifiers



Chapter 1  Introduction 8

and mixers, with device technologies ranging from silicon BJTs and MOSFETs to GaAs
MESFET structures. The thesis concludes with Chapter 7, which summarizes the work
and discusses directions for future research.



Chapter 2

Nonlinear State Equationsand Large Signal
Distortion

Nonlinearities are absolutely critical to the proper operation of analog communication
circuits. In some applications, such as in highly linear amplifier design, the goal is to
generate an amplified replica of the input signal, and minimize any nonlinear effects that
lead to distortion of the waveform. In other designs, such as mixers or frequency-doublers,
nonlinearities are purposely used to introduce desired frequency-translated components
into the output signal. In the latter case, undesired spurious products are minimized
through careful design and the use of balancing and/or linear filtering techniques.

In this chapter, we review the static and dynamic mechanisms responsible for
nonlinear distortion, as well as severa ‘“‘figures of merit” related to characterizing the
levels of distortion present in agiven system. There are several levels of hierarchy that can
be used in modeling nonlinear components — the behavioral (or system) level, the circuit
level, and the physical device level. At the circuit and system level, a given * compact
model” typically consists of less than a dozen or so state variables, and is based on either
phenomenological or approximate physics-based analysis [17][18]. In this work, we
primarily concentrate our efforts at the physical device level, where the model is based on
solution of partial differential equations, and the number of time domain state variablesis
in the thousands.
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2.1 LargeSignal Distortion

21.1 Nonlinearities, Power Series, and Distortion

As a simple but illustrative example, we consider the inverting single-transistor BJT
amplifier of Figure 2.1. At low frequencies, the device can be modeled to first order by the
eguations accompanying the schematic below:

Vee
R
DqVBED
._VO |C = ISexp[]WD
' AVeed
_'s BE
. Lo lg = BeXpD_kT
joot
@ Ve < = 0,10 A4Vged

_ E n; B I Sexp WD

Figure 2.1 Inverting BJT amplifier biased in the forward
active region of operation.

By inspection, the unloaded response of the amplifier under large signal ac driveis

AVydd  AV,cCos (wt) g
Vo = Ve = | ReXPO-0eXP ac =0 (2.1)
and the incremental voltage (the instantaneous voltage minus the quiescent value) is
_ u\aln AV ,C0s (wt) 17
Vo = IgRexp DWDﬂl— exp O g - (2.2

Letting a, = —I Rexp (qV,./kT) and V,. = qV,/kT for notational convenience,
and using the standard Taylor series expansion for exp (x) , we obtain

v, = a, Z %(\A/accos(oot))n. (2.3)
n=1
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Assuming the input signal is small enough such that only the first three terms of (2.3) are
significant, v, can be approximated as

\ ~2
2= 1Vac
a, 4

O

- ~3 ~2 ~3
+ Evac + %Vad]cos(oot) + 1Vaccos(th) + iV cos (3wt) . (2.9

4 24 "ac

In the limit of infinitesimally small AC input, the terms involving Vic and \72C become
negligibly small, and the amplifier responds with an output incremental voltage at the
fundamental frequency only:

—\19— 94 cos (wt) (2.5)
Ve KTo ' '

Asthe AC drive level isincreased, distortion components begin to appear at harmonics of
the fundamental, and at DC. The level of distortion that can be tolerated in a given circuit
depends on the specific application involved, and must be weighed by the designer against
other design priorities.

An interesting and important characteristic to observe in (2.4) isthat the amplitudes of
the various harmonics are completely independent of input frequency. As we will seein
more detail |ater, thisis a general property of resistive nonlinearities— i.e., nonlinearities
that are not frequency dependent.

2.1.2 Multi-Tone Distortion and I nter modulation

In the preceding section, the large signal AC input was restricted to a single
fundamental frequency. As is evident from (2.4), the distortion components produced by
this single-tone stimulus are al harmonics of the fundamental frequency. When the input
consists of two or more independent tones, additional distortion components are produced.
Such distortion terms arise from nonlinear ““mixing” of the independent input tones, and
are often referred to as intermodul ation products, spurious harmonics, or mixing terms.

Referring back to the example of Figure 2.1, we consider the case where the input AC
signal is composed of two sinusoids at independent frequencies w, and wg:

Vi (1) =V, c0os(w,t) +Vgcos (wgt) (2.6)

Introducing the normalized amplitudes Vo = qV,/KT, Vg = qVg/KT, and using the
power series (2.3) allows us to write the amplifier’sincremental output voltage as
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1M - n
Vg = 8 Z HEVAcos(wAt) +VBcos(ooBt)% . (2.7)
n=1

If, as before, the power series is approximated by its first three terms,® we obtain the
following rather unwieldy but informative expression:

Z_Z:%Ai%‘\?é 2.8)
. E(/A . %Ai s %\A/A\A/EE cos (w,t) + %\78 + %\7; + %r(/if/B%cos (wgt)

N ‘}1“ i c0s (2w,t) + %1\72 cos (2wgt)

+ 2Vac08 (3u,1) + 2205008 (36g)

1o o2 1020
+ évAvBcos (Wpt—20gt) + éVAVBcos (205t — wgt)

1s ¢ 1~ ¢
+ EVAVBcos (Wpt—wgt) + EVAVBcos (pt + wgt)

1~2 A 1~ ~2
+ §VAVBcos (2005t + wgt) + évAvBcos (pt + 2wgt)

Thus, in addition to harmonic distortion components a w,, 2w,, 3W,, ... and
Wg, 2Wg, 3Wyg, ..., there are also new intermodulation product terms at the frequencies
Wy T Wy, 20, + WG, W, + 2Wg, ... More generaly, input sources at M independent
fundamental s can be expected to introduce distortion components at integer combinations
of the independent driving frequencies (see (3.14)).

An intermodulation component at a given frequency k,w, +kgwg is said to have
order |kA| + |kB| . For example, the distortion terms at frequencies 2w, and w, + w; are
second-order products, whereas the components at 3wg, 2w, £ Wg, and w, + 2w, are
third-order. From equation (2.8) (which we stress again is valid only for low AC drive
levels), we see that distortion products of order m are polynomials of order m. Thisis a

1. Symbolic analysis packages such as Mathematica [73] can conveniently simplify complex alge-
braic expressions. Equation (2.8) was obtained with Mathematica's Expand[ , Trig->True] function.
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general property which is used in the subsequent section to compute so-called intercept
points, awidely used metric for distortion in nonlinear systems.

2.1.3 Characterizing Large Signal Distortion

There are several commonly used metrics, or figures of merit, for quantifying the
levels of distortion present in a given waveform. For single-tone distortion measurements,
the nth harmonic distortion factors HD  are widely employed. Given a waveform with
Fourier expansion

v(t) = De{Vy+V exp(jwt) +V,exp (j2wt) +Vyexp (j3wt) + ...}, (2.9
HD, is defined to be the magnitude of the ratio of the nth harmonic to the fundamental:
Vv
HD, = |-D|, n=2. (2.10)
Vi
For example, the amplifier response of (2.4) has a second-harmonic distortion factor of
Y
HD, i‘c 5 (2.11)
4+ évac

To characterize the level of distortion in the entire waveform (as opposed to the distortion
at agiven harmonic), the total harmonic distortion (THD) is defined to be

2 2

> Vi
THD = 1h=2 (2.12)
Vi

The values of THD that can be tolerated in a given design are highly application-
dependent. In audio applications, for example, the THD must typically be kept well below
0.01, or 1%.

When the driving signal is multi-tone, intermodulation terms are introduced into the
response. For these spurious terms, the nth order intermodulation distortion factors IM |
are defined analogously to the HD . A key difference in the multi-tone case, however, is
that there are, in general, severa different frequency components having the same order.
For example, we see from (2.8) that there are 6 distinct third-order terms at frequencies
3wy, 3w, 2w, +Wg, 20, —Wg, W, +2w5, and w, —2wg. Four of these are
intermodulation, or mixing, products, with the remaining two being harmonics of a
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B

Figure2.2 A two-tonetest of a (hypothetical) bandpass amplifier. The
two-tone input signal (top) generates a spectrum of
harmonics at the output (bottom). Note the third order terms
landing within the passband — unlike the second order
terms, they cannot be easily filtered out.

fundamental. Thus, in specifying a value for IM_, it is also necessary to state which
particular third-order harmonic is being used, along with which fundamental isintended as
the *‘real output” for useintheratio.

The choice of frequencies used to define IM , along with the distortion order n of
interest, is application-dependent. Consider a narrowband amplifier, for instance. A
common distortion test in this case is to apply two very closely spaced input signals of
equal amplitude at frequencies w, and wg, such that both are within the amplifier
passband. The third-order distortion products falling at frequencies 2w, —wg and
205 —w, areof primary interest in this example, since they fall directly in the passband
(Figure2.2). Letting V, = Vg = V., and using the approximate |ow-distortion model
of (2.8), we obtain
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~2
Vist
IM, = = 5 (2.13)
8 + 3Viq
In this example, the numerical value of 1M, is the same regardless of whether 2w, —wg

or 2wg —w, isused. In general, however, the IM; value may be different for these two
frequencies, in which case an explicit distinction must be made. For instance, another
common test used for receiver design employs a small ““desired” signal at a frequency
w, , Whilealarge “interfering” (sometimes called blocking, or jamming) signal is applied
at anearby frequency wg to determine the third-order distortion that isintroduced. In this
case, the asymmetry in input signals will produce different values of 1M, at the various
third-order terms. Similarly, linear and nonlinear frequency dependent elements may

introduce such asymmetries even in the case of identical input amplitudes.

214  Gain Compression and I ntercept Points

The ssimplified transistor model of Figure 2.1 isvalid only in the forward active region
of operation, and even then only in the low-distortion regime. As AC power is increased,
the collector voltage will swing low enough at the peak of the input sinusoid to send the
transistor into saturation. In addition to introducing even more distortion components, this
phenomenon will aso compress the gain of the amplifier. Gain compression is an effect
that is of significant interest to the analog designer, and is an important metric for
determining the distortion properties of nonlinear systems.

Figure 2.3 shows the general shape of input-output power curves for a typical
amplifier. P, is defined to be the available power of the fundamental input tone

=l 219

n 8RS '
where R, is the source resistance; P . is defined to be the rms power dissipated in the
load. Depending on the application, the second- and third-order distortion components
plotted in the figure may correspond either to harmonics of the fundamental, or to specific
intermodul ation components (Section 2.1.3).

As equations (2.4) and (2.8) indicate, the slopes of the first-, second-, and third-order
components in the low-power linear region on alog-log plot are 1 dB/dB, 2 dB/dB, and 3
dB/dB, respectively. In Figure 2.3, dashed lines are used to extrapol ate the slopes to higher
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Pout (dBm)

= 3rd order

Lt
P, (dBm)

Figure 2.3 Input-output power curvesfor thefirst-, second-,
and third-order distortion termsfor atypical
amplifier.

power levels. The gain compression at a given input power level is defined to be the value
of the extrapolated (dashed) extension of the first-order distortion term divided by its
actual compressed value (solid line). The 2nd-order intercept point (sometimes referred to
as SOI, for “second-order intercept’”) is the intersection of the first- and second-order
linear extrapolations. Similarly, the 3rd-order intercept point (TOI) is defined to be the
intersection of the first- and third-order extrapolations. Arbitrary nth order intercept points
may be defined in an analogous manner.

Before concluding this section, we point out a few implicit assumptions regarding
intercept-point measurements. The first of these assumptions is that the input amplitudes
in the multi-tone input case must track each other during the power sweep for the slope
relations of the preceding paragraph to hold true. The second assumption is that the linear
low-power region is identifiable in the general case. While this is certainly true in the
simulation domain, actual physical measurements of real-world systems may show some
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ripple and curvature all the way down to the noise floor. Nevertheless, most practical
systems do have identifiable linear regions, and the definition of intercept points can be
made such that the concept has validity.

2.2 ThelargeSignal Steady State

The purely resistive nonlinearities examined in Section 2.1 are not adequate for
representing realistic systems operating under time-varying inputs.! Additional dynamic
effects arising from linear and nonlinear capacitors and inductors, filtering circuitry,
parasitics, and transmission lines are critical to proper modeling, and must be carefully
accounted for by any accurate simulation tool. Some dynamic elements, especialy linear
components such as large inductors (RF chokes), large capacitors (DC blocks), and
narrowband filters can introduce extremely long time constants into a circuit network.
Since the analog designer is usually most interested in steady state quantities, time domain
transient simulators must be run until al the start-up transients have died out. In the
subsections below, we define the meaning of steady state solutions and briefly examine
some dynamic effects that illustrate the usefulness of steady state solution algorithms like
harmonic balance.

2.2.1  TheVarious Typesof Steady State

A steady state solution of a system of differential equations is a solution that is
asymptotically approached as the effect of the initial conditions dies out [27][33]. In
general, a given system of differential equations can have no steady-state solutions, a
single steady state solution, or several such solutions. In the latter case, the actual solution
seen will depend upon the initial conditions. Most practical analog designs will have at
least one steady state solution.

There are severa types of steady state problems which are of interest in analog
applications. The first of these is the DC steady state, where both the stimulus and the
solution are constant in time. Strictly linear systems® driven by sinusoidal inputs will

1. Atvery low frequencies, however, purely resistive models can be adequate in the absence of
very large capacitors and inductors.
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reach an AC steady state, which consists of a sinusoid superposed on a DC offset term.
Similarly, it is possible to assume that the AC input is infinitesimally small, linearize a
nonlinear system of differential equations, and compute the small-signal AC response
from this linearization. Both the DC and small-signal AC steady state problems are
addressed by existing device simulation codes, and will not be discussed at length in this
work.

The periodic large signal steady state results either from an external periodic stimulus
(for non-autonomous systems such as amplifiers and mixers) or from a self-oscillation (for
autonomous systems such as oscillators). In the periodic steady state, the solution state
vector x (t) satisfiesthe periodicity condition

X(t+T) = x(t) (2.15)
for —o<t<o for some period T. Consequently, x (t) can be represented in the
frequency domain by a countable (though possibly infinite) number of Fourier series
terms. In practice, afinite number of Fourier harmonics is adequate for representing x (t)
to any required degree of accuracy.

The quasiperiodic large signal steady state is similar to the periodic steady state of the
preceding paragraph, with the exception that the stimulus and response frequencies need
not be harmonically related. For instance, a nonlinear system driven by multiple sinusoids
at harmonically unrelated frequencies will typically respond at the sum and difference
frequencies of the driving tones. The resulting spectrum will consist of a countable
number of spectral lines, corresponding to the quasi-Fourier components of the response.

It is possible for nonlinear systems to have steady-state responses that do not fit in any
of the categories presented above (e.g., chaotic circuits [33]). Such systems are not
representative of most practical analog designs, and are not considered in this work.

2.2.2 Distributed Linear Elementsin the Sinusoidal Steady State
Distributed linear elements are a category of linear components that can be difficult to
simulate outside the steady state, and can make the transient ** settling time” (the time to
reach steady state) prohibitively long. Distributed elements include transmission line
components (possibly with dispersion or loss) to model high-frequency interconnects such

2. We assume here that the linear system is‘“passive’” — i.e., that itseigenvalueslie exclusively in
the left half plane.
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as microstrip transmission lines, non-ideal power planes, and distributed filters. These
distributed linear elements are best characterized in the frequency domain, where network
analyzers or electromagnetic simulation tools can be used to extract S-parameter matrix
descriptions as a function of frequency. Assuming a constant reference impedance Z for
all measurement ports, the S-parameter description of an N-port linear device takes the
form [16]

Vi (w) SHOBONOIINAG)
| = | \ | | (2.16)

Vi (@) Sup (@) - Syn (@) _V;:l(w)_

where the incident voltage waves V; (w) aredefined as

+ 1
V, (W) = Q(Vn(‘*’) +Zl (W) (2.17)
and the reflected voltage waves V;] (w) are defined as

V(@) = %(vn (@) —Z, (@) (2.18)

In the periodic or quasiperiodic steady state, it is trivial to operate with such frequency
domain descriptions. Given a spectrum corresponding to, say, V; (w) as a sequence of
phasors at the quasiperiodic frequencies of interest, the corresponding spectrum of
V'm (w) can be computed from (2.16) through complex-valued multiplications.

In the time domain, operations with constitutive equations of the form (2.16) are
potentially much more problematic. The frequency domain products of the preceding
paragraph become convolution integrals

N
t
v, (t) = z J'_oosmn(t—r)v;(r) dt (2.19)
n=1

where s__(t) is the impulse response (i.e., inverse Fourier transform) of S - (w) .
Because the measured spectrum of S (w) consists of only a finite number of samples
over alimited frequency range, construction of a passive and causal s (t) can proveto
be non-trivial. In addition, the long transients associated with some impulse responses
(such as those of high-Q narrowband filters) can make both the integration in (2.19) and
the overall transient simulation very time consuming if it has to be run until steady stateis
reached.
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2.3  Circuit-Level Modeling

Compact models used in circuit simulation typically consist of linear and nonlinear
resistors, capacitors, and inductors. In time domain simulators capable of convolution-
based analysis, distributed linear models (such as lossy, dispersive transmission lines) can
also be described through impulse response matrices. A number of methods have been
used to formulate the state equations in nonlinear circuit simulators. The most prominent
of these methods include the sparse tableau approach and the modified nodal analysis
(MNA) approach [35]. Because our ultimate focus is on device level simulation, we
consider only the latter approach here, as it is more relevant to our needs. The reader is
referred to [36] for a detailed exposition of the sparse tableau formulation.

An N-terminal device is anonlinear resistive element if its constitutive equations take
the form

11 =0y (Vg Vs, o, V)

Iy =0y (Vy, Vo, ey V) . (2.20)
|

Iy = Oy (Vg Vo -h V)

In the two-terminal case, anonlinear resistor’s constitutive relation can be written as
i =g(v). (2.22)
At a given voltage v, across the resistor, the associated small-signal conductance is
g’ (vy) - For the N-terminal resistive element, the small-signal admittance matrix is the
N x N Jacobian of (2.20).
The constitutive equations for an N-terminal nonlinear capacitor are

. _d

'1—aq1(V11V2""’VN)

. _d

|2_aq2(V1,V2,...,VN) , (222)
I

. _d

N = gty (Vo Vo o )
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where the functions g, represent stored charge. The corresponding equations for a
nonlinear inductor are smply the dual of (2.22), with nonlinear inductor flux functions ¢ |
taking the place of q:

d o .
vy :aq;l(ul, For veenipy)
d

Vo = qi®, (i i) (2.23)
|

N :%q)N(il, DY N
An important observation is that while nonlinear resistors (2.20) and nonlinear capacitors
(2.22) are voltage-controlled elements, nonlinear inductors are current-controlled.
Consequently, a state equation assembly method based on pure KCL nodal analysis is
inapplicable to circuits containing inductors, since the inductor currents are not explicitly
available as afunction of the voltage state variables.

To overcome this limitation, the modified nodal analysis technique (MNA) [35] was
introduced. Like straight KCL nodal analysis, MNA uses the voltages at every node as
state variables. In addition, however, MNA augments the state vector with inductor
currents as well. In assembling KCL equations at nodes connected to inductors, the
inductor currents are summed into the appropriate node, and N extra branch equations of
the form

d o :
vl—aq)l(ll, oy wonsipy) =0

vz—%q)z(il, i, .rip) =0 (2.24)
|
V= (i i) =0
areintroduced for every N-terminal inductor. As a concrete example, consider formulating
the state equations at node 1 of Figure 2.4. The KCL equation at the node will be
9 (vy—V,) +i|_+%q (v,—vy) = 0. (2.25)

In addition, a single branch equation will be introduced for the nonlinear inductor:
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Vo

%"

Figure 2.4 Formulating the state equationsin the
presence of current-controlled state
elements.

iL—%q) (v,—vy) =0. (2.26)
Constant current sources are readily incorporated by simply adding their values to the
right hand side. Voltage sources are typicaly handled by introducing an additional
auxiliary equation.! Assuming that a voltage source of value Vapp is connected between

nodes n, and n,, abranch equation of the form

Vi

= vn2 — Vapp =0 (2.27)
is added to the system of equations, and anew state variable i . (representing the current
through the voltage source) is summed into node n, and out of node n,, .

Taken together, the preceding steps in the MNA methodology result in systems of

circuit state equations having form
d
g(x (1)) +Fa(x () +y(H Ux(H) -w() =0, (2.28)
where x (t) is a state vector of node voltages and inductor/voltage (branch) currents,

g (x (t)) isthesum of nonlinear resistive and branch currents at each node, q (x (t)) is
the vector of capacitor charges and inductor fluxes, and w(t) is a vector of voltage/

1. Optionally, voltage sources may be added by removing one of the voltage state variablesthat the
voltage source is attached to, and symbolically setting the removed state variable to be equal to the
sum of the remaining state variable and the voltage source. This approach has the disadvantage of
not explicitly allowing the current through the source to be computed. However, it does have the
advantage of reducing the number of state variables by 2.
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current source excitations. Theterm y (t) [ x (t) isthe noda contribution of distributed
devices handled through a convolution operation; y (t) O ON*N s a sparse matrix of
time domain impulse responses which characterize the distributed devices present in the
network.

24  Physics-Level Modeling of Semiconductor
Devices

In the previous two sections, the large signal nonlinear steady state problem was
examined from a circuit-level, compact model perspective. In this section, we show that
the discretized partial differential equations modeling the physics of semiconductor
devices have the same form (2.28) as the circuit equations. Furthermore, we will see that
modified nodal analysis can be used to form the mixed-level circuit and device equations,
while still retaining the basic form (2.28).

24.1 The Drift-Diffusion Equations
The drift-diffusion system of semiconductor equations takes the form

[ + -0
[ (—e0y) = gp—n+Ny—N,O (2.29)
on_1l.,5_
3t —qD J,—U
op_ 14,5 _
Fri qD Jp U

where in addition we have
J, = ab,Un—qp nlp (2.30)
Jp = —quDp - quppEIJ
In the preceding equations, Y represents the electrostatic potential, n and p are the
electron and hole carrier concentrations, respectively, U is the recombination rate, NB
and N; are theionized donor and acceptor concentrations, and J, and Jp are the electron
and hole current densities. External circuit elements (either lumped or distributed) may be
included through the introduction of additional KCL/MNA equations, as will be shown in
Section 2.4.5.
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To numerically solve (2.29), we must first discretize the partial differential equations
over the device domain, and convert them to a finite number of nonlinear differential-
algebraic equations. For the drift-diffusion system of equations, each grid node k inside
the device has three state variables associated with it: g, n,, and p,. In transient
analysis, the time dimension is handled by a discretization aswell. The focus of thisthesis
is on frequency domain simulation, where the time axis is not discretized (Chapter 3).
Consequently, we review only the spatial discretization here, and defer handling the time
dependencies until later.

2.4.2 Discretizing the Drift-Diffusion Equations

Numerous techniques exist for the spatial discretization of the semiconductor drift-
diffusion equations. A detailed survey of these is beyond the scope of this work, which is
focused more on the temporal dimension of the equations. Consequently, we present here
only the most common algorithms for two-dimensional spatial discretization — those that
are used by the PISCES simulator on which we base our work. Our goal is to establish a
general mathematical form for the discretized system of algebraic equations, so that this
form may be exploited in the derivations of subsequent chapters.

PISCES uses a spatial discretization scheme known as the ‘““generalized box”
(sometimes called ““ control volume” or “*finite box’) method [45]. The scheme is based
on a finite-difference formulation, and is applied in the context of triangular grids. An
example of such gridding applied to a bipolar device structureis shown in Figure 2.5. It is
clear that a given rectangular grid can be transformed to a triangular grid by suitable
partitioning of each rectangle into two triangular regions. As shown in the aforementioned
figure, however, the grid need not in general be rectangular.

After atriangular mesh has been formed, the entire device domain is partitioned into
non-overlapping “‘control volumes.” These are polygons, each corresponding to some
node k, ideally having the property that the points within them fall into an area closer to
node k than to any other node in the device domain. Given a triangular grid, a control
volume partitioning may be readily established by splitting each triangle into three regions
defined by the perpendicular bisectors of each side. Aslong as each triangle is acute (i.e.,
no angle is greater than 90°), the partitioning satisfies the Voronoi condition that the
control volume corresponding to a given node is closer to that node than to any other.
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However, if obtuse triangles exist, then the Voronoi condition may be violated, leading to
some undesirable numerical consegquences [45].

To discretize the semiconductor equations on a triangular grid, we first use the
divergence theorem to express (2.29) in terms of integrals over the control volumes and
surfaces. For each control volume A, and surface 0Q, , the divergence theorem is applied
to derive the three equations

f,0 EETS= [, amp—n+Np, —N;FdA (2.31)
k k
$, nS= [, qFu +%EdA
k k

0,.0
Ry
where for simplicity we' ve made use of the relation between electric field and electrostatic
potential, E = —[Jy . To integrate the surface integrals on the left-hand side of (2.31), the
electric field E and the current densities J_, Jp are assumed to be constant along each
triangle edge. For instance, consider an edge e, (in the direction of a unit vector s, )
connecting two nodes k and m. To carry out the Poisson surface integral over the

Figure 2.6 Control volume around node k, determined by
the perpendicular bisectors (dashed).
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perpendicular bisector corresponding to this edge, a finite-difference approximation is
used for the dot product:
W~ Wy
dkm .
The situation is somewhat more complicated for the continuity equations. These could, in
principle, be evaluated along each edge through use of (2.30) with simple first-order finite-
difference approximations for [In and Oy . As pointed out by Scharfetter and Gummel
[14], however, it turns out that such an approach results in numerical instability when the
potential difference along an edge exceeds 2k T/q. To remedy this situation, the
Scharfetter-Gummel discretization scheme was proposed. We leave the detailed derivation
to [14] [45], and merely state the result here:

E (5, = (2.32)

AR, P DLIJ -y DllJ -y
3 B = M{ K ”%— n B (239
km D Bkm O Bkm
where B (x) isthe Bernoulli function
X
B(x) = , 2.34
0 = 2= (2:34)
A,y isthe effective average mobility along the edge, and
D
with B = (2.35)

Pun = 578 :
A result directly analogous to (2.33) applies to the hole continuity equation. By evaluating
(2.32) and (2.33) for each side of the control volume polygon and summing the results, all
the surface integrals (i.e., the left-hand sides) of (2.31) can be computed.
The area integrals on the right-hand side of (2.31) are evaluated by assuming that the
integrand is approximately constant across the control volume. Since the control volume
around node k has area A, , the areaintegrals are computed as

~ |:| + _D D + —|:|
| AP Np =NAOdA = AP =N * Npj = NaAy (2:36)
r geu + 9gA = Eu +_kDA
I. qu atd 98k 5t Ok
0 o0
SRS EE . PR s
LA Aoy + 5¢09A = —aY 5 A

k
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From (2.32), (2.33), and (2.36) we see that the system of semiconductor equations at an
internal device node k takes the form

g, (X(1) =0 (2.37)

dx
3k—
T gy, (x(D) =0

dx
3k p —
gy (x(D) = 0
where the state vector x (t) contains the electrostatic potential and carrier concentration
variables!

X = [Wy, Ny Py Wi, N, P - (2.38)

24.3 Boundary Conditions

The preceding section discussed the discretization and assembly procedures for nodes
which are strictly within the interior of the device domain. Grid nodes at the
semiconductor device boundary, however, must be handled differently depending on the
type of boundary condition (BC) present at a given boundary node. In genera, the
boundary conditions in semiconductor device problems are either homogeneous
Neumann, non-homogeneous Neumann, or Dirichlet, and can be different for any one of
the three drift-diffusion equations. As an example, the surface recombination boundary
condition used to model Schottky contacts places a Dirichlet BC on the Poisson equation,
and a non-homogeneous Neumann BC on the continuity equations.

We begin by considering the contour of integration around a node on the device
boundary (Figure2.7). The line integrals can be split into two integrations over two

digoint sets— 0Q. ., theinternal portion of the contour, and 0Q _ ., the external portion:

int’ ext’

1. Ingeneral, the state vector may also contain additional variables if the semiconductor deviceis
embedded in an external circuit network (Section 2.4.5). The state equations at the internal device
nodes, however, will not be afunction of these additional variables, and (2.37)-(2.38) remain valid.
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cE [tIS+J’Q cE [0S

k, ext

fanEE 57 -[an int

faQ In [0S = IkatJ [dS+IaQ n S (2:39)

k, ext

J [bS= J [US+ J_[dS
fan P J.anint P J-an ext P

Theintegralsover an int (€, o EE EbIS,faQ J_[dS, and J EbIS) can still be
evaluated in the same manner as efore waequatlons (2.32) and’(2. :3)(3) On the boundary
edges e, . and e, however, the integration must be carried out in a different manner,

subject to the boundary conditions present on that edge.

noden

Figure 2.7 A boundary grid node.

For a homogeneous Neumann boundary condition, the current flux relation at a
relevant edgeis

I J s = o. (2.40)
edge

Such boundary conditions exist at the edges of the device, where no current flux is
allowed to pass. Implementation of homogeneous Neumann boundary conditions is
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immediate, since the integration over the boundary edge is simply omitted. Non-
homogeneous Neumann BCs, on the other hand, have the form

TGS = 0y (241)

when applied to a half-edge touching node k, and are handled by a discretized
approximation at each half-edge. For instance, integration over half-edge e, | yields

1
kn

In the case of Schottky contacts (the primary situation for using non-homogeneous
Neumann BCs), the flux functions @ are given by

" = o, 0N —ngy) , @ = 0, (P, —Pgy) (2.43)
where o and o, are the electron and hole surface recombination vel ocities, respectively.
Equation (2.42) is applied for each boundary edge about a given boundary node, with the
results summed to yield the total value of the integration about 0Q Thus, for the
example of Figure 2.7, we would have

k int*

1 1
J'a ‘]n s = ¢" (lpk, N pk) édkn + " (qu’ Ny pk) édkm
k, ext (244)

_ 1 1
Ian exth S = 9P (W My ) 5y + P (W My ) 5y

Dirichlet boundary conditions are present on the Poisson and continuity equations for
ohmic contacts. Dirichlet BCsfix the given boundary node at some constant value, and are
thus implemented through removal of the relevant differential equation and its
replacement with g, = L|JBC, i for aDirichlet Poisson BC, or n) = Ngc k' Pk = Pae k
for appropriate continuity equation BCs. It is understood that in the above equations,
ljJBC, k' MBC, K and Pgc, k &€ constants which are fixed for the duration of the simulation
run.

In the case of the Dirichlet boundary conditions, equations (2.31) and (2.39) must till
hold physically, and flux conservation must be satisfied. Although the boundary contour
integrals are never evaluated explicitly in the Dirichlet case, their values may be computed
once the relevant Dirichlet node values have been fixed. For instance, in the Poisson case,
we have the relation
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Figure 2.8 Grid near an electrode. The electrode segment is
denoted by the thick bold line.

[ + -0
eE LUS = qp — N, + Ny =Ny DA, — eE S, (2.45)
Ian, ext J-an, int
where J'aQ - eE[US is evaluated through repeated application of (2.32) for each
interna poll)(/’g';rgn edge. This allows the convenient computation of electric field fluxes and
free carrier currents at the electrode contacts, a topic which is the subject of the next

section.

244  Terminal Current Evaluation

Termina current values are perhaps the single most important set of quantities for
many users of semiconductor device smulation tools. Ultimately, it is the device's
terminal characteristics that determine how applicable it isto a given circuit-level design.
While the electrostatic potential and free carrier distributions inside the device can offer
important clues for optimizing device structure, these optimizations are typically valuable
only insofar as they contribute to the *“ bottom line” — improved current-voltage output
characteristics.

To illustrate how termina currents are evaluated in the generalized box formulation,
we make use of Figure 2.8. The total current flowing through the electrode includes the
free carrier current components J . and Jp , adlong with the displacement current g—tD . The
expression for current per unit width flowing through terminal | is



Chapter 2 Nonlinear State Equations and Large Signal Distortion 32

_ 0 obd
I = J'aQTIDJn+Jp+at 0 s (2.46)

= J +J) S+— cE ™S
IGQTI( n*Jp) dtIOQTI

The integration above is carried out over the boundary edges comprising the electrode of
interest. In our example of Figure 2.8, this boundary 0Q, would consist of the two edges
e . ade , .
2 374
Application of equation (2.45) over each point of the electrode boundary domain
already gives ustheintegral of the electrostatic displacement D = €E over the electrode.
The current density integrals may be taken in an analogous manner —

(2.47)
J-aQTI f D;‘) J.an ext n
U
= O 'ﬂ]
kD;) {q it Ian,intJn [ds}

Tl
where the notation k O 6Q refers to nodes k that are on the electrode & Tl and the

integral J' 00, J, LS is taken by repeated application of (2.33). The hole current
density mtegraln IS eval uated by a directly analogous expression. We point out that (2.47)
holds in the non-homogeneous Neumann, as well as in the Dirichlet, case. The non-
homogeneous term @ (., n,, p,) doesn’t appear in (2.47), but is used in setting up the
appropriate discretization to satisfy the continuity equations on the electrode boundary.
We aso note that (2.44) offers an alternate method for evaluating the current through
purely Schottky contacts once the ssmulation has converged.

Before closing out this section, we take the important step of symbolically expressing
the total current per unit areaat a given electrode | as

(O = g (x (1) +Sgi® (x (1)) (2.49)

The function gICO”d (x) represents the electron and hole currents, and is a scalar algebraic
function of the state variable vector x. Similarly, g@'% (x) is an algebraic function
representing the flux of electrostatic displacement through the electrode. It is clear that
both functions are (loosely speaking) * structurally sparse”” in the sense that they directly
depend only on the values of the boundary node state variables, and not on the state
variables associated with internal nodes.
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Semiconductor
Device

Circuit
Network

Figure 2.9 A semiconductor device
interfaced to a circuit network.

2.4.5 Mixed Level Circuit and Device Simulation

In high-frequency analog applications, it israrely sufficient to only analyze completely
stand-alone intrinsic semiconductor devices. Typically, the circuit environment that the
semiconductor device is embedded in will have a critical impact on device performance.
The surrounding circuitry will, in general, include components to model parasitics,
matching networks, biasing circuitry, and so forth. Consequently, it is extremely important
for an analog device simulator to have a mixed circuit/device level ssmulation capability.

Figure 2.9 shows a block-diagram of an L-terminal semiconductor device connected to
L terminals of a genera circuit network. The circuit network is assumed to contain
independent voltage and current sources, while the semiconductor device is represented
solely by the drift-diffusion system (2.29)-(2.30) with no internal stimulus. To formulate a
mixed level circuit/device system of equations, we employ the modified nodal anaysis
technique. Assuming that the semiconductor device has K nodes, there will be 3K
nonlinear equations, along with a corresponding number of device state variables,
representing the device. We assume that the circuit network portion can be described by
Ny €quations having the standard MNA circuit form
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g (Xg (D) + d%q(xckt(t)) Y (1) O Xy (1) =i (1) = w(t) (2.49)
where x .. (t) OO Nek: % 1 is the state vector for the circuit network, w (t) O O Nek: 1 is
the vector of independent voltage/current source excitations, and i . (t) O U Neke 1 isa
vector containing i, in the mth position if device current i, flowsinto circuit node m.

To join the circuit and device systems, the L state variables i,, i,, .., i are
introduced into the overall state vector. Likewise, the overall system is augmented with L
additional coupling equations of the form

gIc:ond (Xdev (1) +%g|disp (Xdev(t)) —iI (t) =0 (2.50)

The overall circuit-device system of equations has dimensionality 3K+N .. +L.

2.5  Solving the State Equations By Transient
Analysis

Transient analysisis by far the most commonly used method for simulating nonlinear
circuits and semiconductor devices driven by large signal sources. The standard versions
of tools such as PISCES and SPICE include only transient capability for analyzing
systems under large signa time-varying input. In this section, we briefly review the
standard time domain algorithms used in solving the systems of circuit/device equations
formulated in the preceding sections. The overview is provided as a basis for comparing
general-purpose transient analysis with special -purpose algorithms like harmonic balance,
which are geared specifically toward solving the large signal sinusoidal steady-state
problems arising in analog communication system design.

Transient analysis is based on approximating the d/dt operator in (2.28) by a finite-
difference formula Assuming that the state vector x (t) isknown at timeinstants t, t,

.y Y _q, standard transient analysis approximates the derivative of the charge/flux
vector at time t, by formulas such as
a(x(t)) —alx(t,_q))
t, —t

dax(t)) = (Backward Euler) (2.51)
dt k-1

or
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dgx(19) = L ARGy, ) (rrapezoide) (252
t 1 dt k-1
5 (h—t_1)

The above are two examples of first-order finite-difference schemes; there exist many
other schemes of various orders [33][34], including Forward Euler, Gear’s formulas,
Adams-Bashforth and Adams-Moulton algorithms, and the TR-BDF2 algorithm [19]. For
simplicity, we restrict ourselves to the Backward Euler formulation in this section. The
state equations (2.28) are then discretized to have the form

_ t
q(x(t)) q(x(tk_l))+J'ky(tk—T)X(T)dT_W(tk) =0 (2593
0

9(x(t) + —
k™ k-1
The convolution integral in the above equation can be approximated as

0 (t,—1) x (1) dt = et (t,—1) x (1) dt + 0 (t,—7) X (1) dt (2.54)
.[oy K _Io Y .[t Y '

k-1
=A +Bx(t)

by straightforward integration, as is shown in [15]. With this formula, (2.53) becomes a
system of nonlinear equations which isto be solved for the unknown vector
X, = x(t) . (2.55)
The solution step is almost always carried out using the Newton-Raphson iterative
process.
One fact that isimmediately apparent from the above discussion is that the time step

At, =t —t, (2.56)
must be selected small enough so that the finite-difference scheme in (2.53) is a good
approximation to the actual derivative. This can be particularly problematic in the case
where multi-tone signals are present at widely separated frequencies, as is common in
many RF and microwave designs. For instance, consider the function

f(t) = cos%Zrt E1103t% + 0055211 DlOgtE, (2.57)
which represents the superposition of a 1 GHz sinusoid and a 1 kHz sinusoid. Because of
the presence of the fast sinusoid, the time step At, should be less than a hundredth of a
nanosecond to achieve decent accuracy. At the same time, the presence of the slow 1 kHz
sinusoid means that the overall period is 1 millisecond. Thus, hundreds of millions of time
steps would need to be taken, resulting in an extremely expensive simulation.
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26  Summary

The nonlinear constitutive equations for both semiconductor devices and circuit
networks share a common form. In analog applications, the steady state response of these
nonlinear systems to large signal sinusoidal drive is of key interest. This chapter began
with some background material on single- and multi-tone distortion effects, along with a
discussion of several figures of merit requiring steady state analysis. Some common
methodologies for formulating circuit and device equations were discussed, and a concise
treatment of the spatial discretization algorithms used in PISCES-1I was presented. The
chapter ended with a brief discussion of conventional transient simulation algorithms,
with some attention being given to their shortcomings in analog applications. Subsequent
chapters will present frequency domain agorithms designed to overcome these
shortcomings.



Chapter 3

Har monic Balance Fundamentals

Harmonic balance (HB) is a nonlinear frequency domain analysis technique which is
well-suited for handling multi-tone steady state distortion problems. For many high
frequency (RF and microwave) applications, the solution of the state equations by
standard transient methods can be prohibitively expensive. The difficulties faced by time
domain methods stem from several causes:

» The applied voltage sources are typically sinusoids which may have very narrowly
or very widely spaced frequencies. It is not uncommon for the highest frequency
present in the response to be many orders of magnitude greater than the lowest
frequency. This necessitates an integration over an enormous number of periods of
the highest frequency sinusoid. To complicate matters further, if the input
frequencies are not commensurate, then (in principle) a nearly infinite number of
periods must be used to accurately resolve the distortion products.

» Designers are usualy most interested in the system’s steady state behavior. The
presence of stiff linear bias and filtering circuitry around the semiconductor device
can introduce extremely long time constants. This requires conventional transient
methods to integrate over many periods of the lowest-frequency sinusoid to reach
steady state, further exacerbating the problems brought about by very wide or very
narrow frequency spacings.

37
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* Many linear models at high frequencies are best represented in the frequency
domain. Simulating such elementsin the time domain via convol ution often results
in accuracy, causality, or stability problems.

» Many RF/microwave applications require very accurate resolution of low-level
distortion products. Transient methods can have difficulties achieving the required
levels of accuracy unless time points are spaced extremely close together, and all
transients have decayed to negligible levels [25].

The harmonic balance technique addresses the above problems by solving the state
equations in the frequency domain. It directly captures the large signal steady state
response of nonlinear systems, and is almost completely insensitive to widely-varying
time constants, tone spacings, and incommensurate frequencies. In addition, it exhibits
excellent dynamic range for resolving low-level distortion products, and is ideal for
handling linear circuit models characterized in the frequency domain. Highly nonlinear
large signal problems do increase the computational resources that HB requires, and can
greatly reduce its speed of convergence. However, we will demonstrate that harmonic
balance is robust enough to routinely handle the levels of nonlinearity typically seenin the
majority of RF/microwave applications.

Before proceeding towards a detailed description of the harmonic balance algorithm,
we first take a moment to outline the basic idea. As we have seen before, the state
equations describing semiconductor devices and circuit networks generally take the form

g(X(t))+%q(X(t))+y(t) Ox(t) —w(t) =0. (3.1)
In the HB technique, the state vector x (t) is assumed to be a Fourier series of sines and
cosines, with unknown coefficients that the harmonic balance method will solve for. The
state equations (3.1) are Fourier transformed into the frequency domain, with the
transformation resulting in an algebraic set of nonlinear equations. During the solution
process, the unknown Fourier coefficients are iteratively adjusted until the nonlinear
system is satisfied to within some predetermined tolerance. Once finally obtained, the
coefficients effectively characterize the system’s steady state response for all time. We
note that the choice of basis functions for x (t) effectively guarantees that the response
we capture isindeed the steady state response, assuming that a steady state solution exists.
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3.1 TheDiscrete Fourier Transform — Some
Definitions and Notation

Since much of the work in subsequent sections will involve the Discrete Fourier
Transform (DFT), we will take some time here to define the particular forms of the DFT
that are used, and to establish some notational conventions. Because our formulation of
the harmonic balance equations involves strictly real-valued time domain waveforms, a
straightforward variant of the standard Discrete Fourier Transform, called the single-sided
DFT, will typically be employed. Establishing a consistent notation and pointing out some
subtleties in the transform’s application will considerably simplify the presentation in
subsequent sections.

311 The Double-Sided DFT

Consider the periodic waveform
S
x(t) = Z Xpexp (jhw,t) (3.2

. N . h=-S+1
where X, = X*h , and Xg isreal to ensure that the resulting signal is strictly real-valued

when sampled at the time points t, = TS/ Sw,. We assume an even number of Fourier
coefficients (X_ S+ 1 - XS 1 XS) to make our formulation consistent with power-of-2
Fast Fourier Transform (FFT) agorithms. This choice of an even rather than odd DFT
length forces the presence of the somewhat “artificial” component 5(8. As mentioned
above, this coefficient is forced to be real to ensure that the resulting time domain
waveform is real, and thus cannot contain completely accurate information about the
spectrum at that frequency bin. When transforming arbitrary waveforms from the time
domain to the frequency domain, we must ensure that S is large enough so that only
negligible energy dueto aliasing landsin )N(S.

The Fourier Transform Theorem guarantees that by sampling the periodic waveform
(3.2) at the 2Stime points t, = TS/ Sw,, 0<s<2S-1, we can recover the coefficients
Xp, from the waveform samples x (t) (and vice-versa) through the analysis and synthesis
formulas
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2s-1
> _ 1 0 j21sh]
Xh = 52 Z X (tg) PS5 (3.3
21sh
x(t) = z X, ex EJ———E. (3.4)
h=-S+1
These relations can be cast into matrix form by defining the 2Sx 2S complex matrix
1 1 1 |
D ik 0(2S-1)
- _ 1 V\és V\és V\és
r= , (3.5
25 | \ |
(2s-1) M ,,(2S-1) 1 (2S-1) 0(2s-1)
W28 W, e Wog |

where W, = exp%—zzgg The Fourier Transform analysis and synthesis equations,

(3.3) and (3.4), respectively, become

0 Xo Xo 0
X, X1 X1 X,
| o | 3 |
)N(S =T xg |and| xg | = r-1 5(8 . (3.6)
X s+1 Xs+1 s+ 1 X 51
| | | I
X 4 X2s-1 *2s-1 X4

3.1.2 TheSingle-Sided DFT

When dealing exclusively with real-valued time domain waveforms, it is redundant to
store both the negative and positive sides of the spectrum, since these are smply complex
conjugates of each other. An aternate representation of the periodic Fourier series is the
so-called single-sided, or trigonometric, form involving only the positive-frequency
coefficients:
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0> 0
x(t) = Deazoxhexp (jh(oot)% (3.7)
S
= XR+ Sy BXReos (hayt) —Xhsin (hegt)
h=1

where X, = 2)~<h for 1sh<S-1, X, = )~(0, Xg = >~<S, and XR, X! are the real and
imaginary parts, respectively, of X, . These single-sided coefficients are consistent with
conventional phasors used in AC analysis'.

In the single-sided formulation, the forward (i.e., “*analysis’) part of the DFT simply
becomes

2-6,—-9, SZS_1 O j21sh]
Xy = — g Z X (tg) XPSe O<hs<sS. (3.9)
s=0

This is readily expressed in matrix form through use of an (S+1) x2S complex
transform matrix which maps the 2Sreal samples X, x;, ..., X,g_ 4 to the S+1 complex
Fourier coefficients X, X, ..., Xg!

£ I T S S |
il 2 0(2S-1)
Xl =1 Wog Wog™ ... Wig X1 | (3.9)
1S |\ | |
X G S, S2  SO(2S-1) | |x
s Wog Wog - 3Wog X251

Thereverse (i.e., synthesis) transform operator, however, cannot be represented asasingle
complex-valued matrix which maps the complex coefficients X, X, ..., Xg to red
samples X, X;, ..., X,5_ 4 - This problem occurs because the time samples are no longer
an analytic function of the Fourier coefficients:
1 j 2rish j2msh
[] £1TtSN[] * TIS :
x(ty) = Xo+§ Z [XhexpDJED+Xhexp%—JZ—SE} +Xgexp (-jms) . (3.10)
h=1

The presence of the conjugated terms in (3.10) leads to the aforementioned loss of
analyticity, and has important implications for solving the harmonic balance system of

1. Except for the purely real **non-physical” phasor Xg,
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equations. Briefly, it implies that the use of single-sided transforms and single-sided
spectral representations leads to a system of nonlinear HB equations which is not analytic.
Such systems must effectively be solved in the real number field, by separating the real
and complex parts. Thisissue will be addressed more fully in Section 3.5.

Given the non-analytic nature of the single-sided transform operators, we abandon the
complex field and define our vector of frequency domain coefficients as the purely red
array X = [XE, XlR, X'l, o Xg_ 1 X'S_ 1 ng T The Fourier Transform relationships of
equations (3.7) and (3.8) become, in matrix form,

) Twl (%] [
XlR X1 X1 XlR
X1 %2 X2 3 X1
| =T and | =T E (3.11)
X8 X25-3 X2s-3 XR |
XS 4 X25-2 X2s-2 XS 4
XR X251 X2s-1] XR

Here, I and I~ are 2Sx 2S real matrices containing the sine and cosine terms of the
trigonometric Discrete Fourier Transform:

Coo Co1 So1 Coo So2 -+ Cos
1 Cio Cn Siy Co Sp Cis
r= C2 Co Sy Cop Sp - Cz, s |’ (3.12)
| | | I | \ |
_Czs— 1,0 Cos—1,1 Ss-1,1 Coas—1,2 Sos-1,2 -+ Casoy, S
C 1210 9] 121U 9]

. COSDED, Srs = —sinDED.Thisisthetransform relation that we will usein

al subsequent work.
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3.2 TheQuasiperiodic Steady State

321 Representing Quasiperiodic Signals

A gquasiperiodic waveform is defined to be one which consists of alinear combination
of a finite number of sinusoids. Consider the set of M linearly independent (i.e.,
incommensurate’)  fundamental  frequencies Q,,Q,,...,Q,,. Then x(t) is a
quasi periodic waveform with M fundamentalsif it can be expressed as

H
X(1) =Xy+ 2 SXReos (e t) — X! sin (@, )5 (3.13)
h=1

g

H
= Qe X, exp (jw,.t)d
hZO nexP (jopto

[

where
w, U {wklkZ'“kM|wklk2"‘kM =k Q +k,Q,+ .. + kK, Q,, forinteger k} (3.14)

Each frequency in the M-quasiperiodic waveform x (t) is an integra combination of the
fundamentals Q,, Q,, ..., Q,, . To each frequency component in the set (3.14), we assign
an order equa to the absolute sum of its fundamental indices. That is, the component
W =k Q; +k,Q,+ ... +k,,Q,, hasan order of |k1| + |k2| +...+ |k|v|| corresponding to
it. Intuitively, for a system with finite energy, the spectral components at high enough
orders should have vanishingly low amplitudes.

If a quasiperiodic signal x(t) is passed through a resistive nonlinearity g(x) , the
resulting waveform g (x(t)) will also be quasiperiodic. This becomes apparent if the
nonlinearity is expanded in a Taylor series around x = X,, and the multinomial
theorem [23] is applied:

1. Two frequencies are said to be incommensurate if their ratio is not arational number.
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(x(1) = Del S (k)(xo) X, exp (i )DE (3.15)
g(x(t e heXp (jwt :
Z DZ ) 0
02 g(")(X ) W oh _ 0
= DeDX 5 Z WX .XHHexp(J(h1w1+...hHwH))E

hy+.Fh,=k 1
Since the frequenu es preﬁent in the response waveform are integer combinations of those
present in the M-quasi periodic stimulus, we see that the response is also M-quasiperiodic.

322 Harmonic Truncation

In principle, there are an infinite number of frequencies present in the set (3.14). In
practice, only afinite number of these spectral components contain significant energy. To
represent a quasi periodic waveform for simulation on a computer, the frequencies present
in (3.14) must be truncated to some finite set, thus neglecting the energy present in the
excluded components. For accurate results, the truncation must be chosen such that the
excluded energy is negligible.

Two common methods for harmonic truncation are the so-called box and diamond
truncations. In the box technique, a truncation of order P results in a set of frequencies
where the index of each fundamental in a given frequency isless than P:

= {0 =k Q +k,Q,+ ... +ky Q. [k <P [k <P, s [ky[ <P . (316)

Since real-valued waveforms can be represented by single-sided spectra, it is redundant to
include both the positive- and negative- valued frequenciesin the set above. To ensure that
such image frequencies don’t occur, it is necessary to add to (3.16) the constraint that the
first non-zero coefficient k , be positive:
k;20,k 20 if ky =k, =.. =k, _,=0 (3.17)

Figure 3.1 illustrates the box truncation in the M = 2 case, for both the double and
single-sided forms. The snglesded form generates a total of 1D(ZP + 1)
frequencies, which reduces to oP%+ 2P +1 for two-tone problems.

In the diamond truncation, the set of included frequencies is chosen such that the
absolute sum of the indicesislessthan or equal to the truncation order:
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a) b)

Figure 3.1 The two-tone box truncation of order P =4 inthe
(a) double-sided formulation and the (b) single-
sided formulation.

Dp = {w|w=kQ +k,Q,+ ... +k,,Q, |k1| + |k2| +...+ |kM| <P . (318
To avoid image frequencies and employ the single-sideband waveform representation, the
additional constraint

ki +k,>0 or (k;=0 and k, = —k;) (3.29)
must be invoked.! This latter constraint is perhaps somewhat less intuitive than its analog
for box truncation; a detailed explanation of the rationale for this constraint is presented in
Section 3.3.2. Figure 3.2 illustrates the diamond truncation graphically in the case of two-
fundamentals, and shows why the diamond truncation yields roughly a factor of 2'\/I -1
savings in the number of harmonics over its box counterpart. The diamond truncation is
usually more efficient than box truncation, since the harmonics it neglects have a higher
order than the largest harmonic of any fundamental, and should typically contain only
negligible energy when the truncation order is chosen properly.

1. The constraint is given here for the case M=2.
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a) b)

Figure 3.2 The two-tone diamond truncation of order P =4 in
the (@) double-sided formulation and the (b) single-
sided formulation using constraint (3.19).

A somewhat more flexible truncation scheme than either the box or the diamond is
used by HP's commercial simulators [13]. This variant can be viewed as a hybrid of the
two standard truncations outlined above, and will be referred to as the ““ modified diamond
truncation.” In this scheme, each fundamental m is assigned a separate order P_. A
harmonic of fundamental misincluded in the truncated set if and only if its order is less
than P .. Mixing products (i.e., frequencies that are not harmonically related to a single
fundamental) are included only if their order is less than an overal diamond truncation
order P . The resulting set of frequencies may be formally specified by defining the
two sets

T, = {ww=k Q  1<msM, |km| <P}
(3.20)

T, = {ww=kQ, +..+k,Qy |k1| + ... +|kM| < Pmax,|k1| <P, ...,|kM| <Py

and then taking the union of the two to obtain the modified diamond truncation
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MD = T,[]T, (3.22)
In direct analogy to the diamond and box truncations, the modified diamond scheme can
be purged of image frequencies by application of the additional constraint (3.17).

ko

a) b)

Figure3.3  Thetwo-tone modified diamond truncation of orders
P,=4, P,=5, and P,,5«=3 and in the (a) double-sided
formulation and the (b) single-sided formulation.

Graphical illustrations for both the double-sided truncation and the single-sided (image-
free) truncation are provided in Figure 3.3.

Thus far, we' ve focused on fundamental frequencies that are purely incommensurate.
In practice, it is common to have fundamentals which are harmonically related, but which
nevertheless have a prohibitively large common period. For instance, if one fundamental
isat 30 kHz and the other isat 1 GHz, then the two frequencies are commensurate because
they are both harmonics of 10 kHz. In principle, then, the analysis can be carried out as a
one-tone (M = 1) simulation with a fundamental frequency of 10 kHz. However, this
would reguire a minimum of 10° harmonics (and likely several times more), because that
many periods of 1 GHz fit into a single period of 10 kHz. Clearly, such large transform
sizes are inefficient, and border on the impractical. The problem is easily avoided by
treating the simulation as a two-tone analysis (i.e.,, M = 2), with fundamentals at 30 kHz
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and 1 GHz. In doing so, one must be careful to ensure that the truncated frequencies do not
overlap. For example, given asimulation with fundamentals of 10 Hz and 50 Hz, it would
not permissible to use a truncation scheme of order 3. If such a scheme was used, multiple
frequencies would land on the same bin — we would have 0 [60 + 3 [110 =30 Hz asa (0,
3) entry, along with 1 [60—-2 10 = 30 Hz as a (1, -2) entry. To avoid such colliding
harmonicsin the case above, the problem should be formulated as a single-tone analysis at
afundamental frequency of 10 Hz.

3.3 Quasperiodic Transforms

Given aperiodic waveform x (t) , we can use the standard Discrete Fourier Transform
to obtain a frequency-domain (Fourier series) representation of g(x(t)) for “well-
behaved” algebraic functions g. Assuming that the waveform is periodic with period T,
and that we can evaluate both g and x over their respective domains, there is the well-
known Discrete Fourier Transform relationship for obtaining the harmonic coefficients:

2_6h2H+1 0 21ths [
R = Menkilasdl
Gh_2H+2 Og(x(ts))COSDZH+ZD ,0<h<H (3.22
S=
2-3, 2H+1
| — _ D 2mths [J
Ch= 372 D 9(X()) SN
s=0
where t_ = TZZ Assuming that H, the total number of non-DC harmonics, is large
enough to adequately represent g (x(t)) with minimal aliasing, we have the relationship
21th 21th
g(x(t) =Gy + Z FeRcosETt5 - G snE=t. (3.23)

For quasiperiodic Waveforms, however, the standard Discrete Fourier Transform
cannot be directly applied. Consider, for example, the quasiperiodic waveform
X (t) = cos(2t) + cos(2mt) . Although it is the sum of two periodic signals, it is not
periodic, because it consists of two separate waveforms with incommensurate periods of
1t and 1. Since Ttisirrational, it is clear that the there does not exist acommon period, and
that the DFT is not directly applicable to finding the Fourier representation of g (x (t)) .

One approach to solving the problem would be to operate ““symbolically” on the
waveform in the manner of equation (3.15). Unfortunately, this requires the availability of
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a potentially arbitrary number of derivatives of g, and is thus not practical for
semiconductor device simulation. We note that such approaches have indeed been tried in
the area of circuit simulation, where they are somewhat more practical. However, the need
for such symbolic approaches has been effectively obsoleted by quasiperiodic transform
algorithms which are presented below.

331 The Frequency-Remapped DFT/FFT
In examining equation (3.15), a key observation emerges. the amplitude of the
sinusoidal component exp (j (h,w; +...h,0,) t) is independent of the frequencies
W, ..., W, and thus independent of the actual values of the fundamentals Q,, ..., Q,,.
To illustrate this phenomenon in a less abstract fashion, we introduce the following
example. Consider atwo-tone signal x(t) = Acos (Q,t) + Bcos (Qgt) , and the simple
guadratic nonlinearity g(x) = x2. Then, after some straightforward algebraic
manipulation, we have
_ A%4B? A° B

g(x(t)) = > +—2—cos(ZQAt) +?cos(ZQBt) . (3.29)

+ABcos ((Q,—Qg)t) +ABcos((Q, +Qp) 1)

The spectral coefficients (i.e., the coefficients of the cosines) are dependent only on the
amplitudes A and B, and not on the fundamental frequencies Q , and Q.

Since the exact numerical value of the fundamental frequencies is unimportant,® they
can be remapped to multiples of a single fundamental for purposes of computing the
Fourier coefficients. Thisis the key idea of the frequency-remapping technique. Although
the new set of response frequencies will be different than the original set, the Fourier
coefficients of each spectral component will be the same. Consequently, it is possible to
use the harmonically related set of artificial frequencies to find the Fourier coefficients,
and then switch back to the original frequency set once the coefficients have been
obtained. This idea can work only if there exists a one-to-one relationship between the
original and the remapped frequency set, and the remapping scheme must be chosen such
that thisisthe case.

1. Theexact values are unimportant provided that the truncation is such that collisions between the
various frequencies don't occur; see the last paragraph of Section 3.2.2.
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In remapping the original frequency set to multiples of a single fundamental, we are
free to arbitrarily pick the new fundamental frequency. For convenience, it can be chosen
to be 1, allowing al remapped frequency values to be integers. Rigorously, then, our
problem is as follows: given a set of frequencies w,, O0<sh<H, and a truncated
frequency set such as (3.16), (3.18), or (3.21), we need to generate M artificial integer
frequencies Q,, Q, ..., Q); with the following properties:

« Giventhat w,, = k;Q; +k,Q, +... +k,Q,,, the corresponding remapped
frequency will be pt (h) = k;Qq +K, Qo+ ... + Kk, Q. 1 iSan integer-to-integer
function which we will call the remapping function.

* M must have the property that p (h;) # p (h,) whenever h, # h,. Put another

way, no two remapped frequencies can correspond to the same w,, .

With the proper mapping set up, it becomes possible to obtain the Fourier coefficients of
g (x(t)) for quasiperiodic waveforms x (t) . Assuming that
H
- R | § U
X(t) = Xp+ Z Exh cos (wy,t) =X, sin (w,t) g, (3.25)
h=1
the artificial waveform X (t) is defined to have the same Fourier coefficients, but at the

remapped frequencies:
H

(1) = Xy z =XReos (p (h) 1) - X! sin (1 (h) )5 (3.26)
h=1

Because X (t) isnow periodic with period 211, (3.22) can be applied to obtain the Fourier
coefficients of g (X (t)) , assuming that H is large enough to make aliasing insignificant:

H
g(X(1)) =Gy + Y HBReos (u(h) 1) ~Glsin (i (M) 3. (327)
h=1
By the arguments at the beginning of this section, we conclude that
H
g(x() =Gy + Z HGReos (w,t) — G/ sin (w b, (3.28)
h=1

and consequently that the G, are indeed the Fourier coefficients of g (x(t)) .
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3.3.2 Remapping Functions

Having established the basic theory underlying the multi-tone frequency remap
technique, we now present actual remapping functions p to handle the box, diamond, and
modified diamond truncations. For the two-tone diamond and box schemes, there exist
remapping functions which are optimal in the sense that the remapped spectrum is
“densely packed” — i.e., each remapped spectral line corresponds to a frequency in the
truncation. For other truncations, the remapped spectrum is not densely packed in general,
and the size of the DFT must be larger than the number of frequencies present in the
truncation.®

We first consider the two-tone box truncation (3.16), which has the most
straightforward remapping function. Letting fll and f22 denote the integer-valued
remapped fundamental s, a densely packed remapping function may be obtained by setting

Q,=2P+1

f)z =1
where P is the order of the truncation. Thus, a given frequency w, U B, having indices
k, and k, such that

(3.29)

w, = kQ; +k,Q, (3.30)
is remapped into the integer valued frequency
Mg, (M) =k Qq +kQy (3.31)

=k (2P +1) +Kk,
If in addition the constraint (3.17) is applied to k; and k,, p(h) becomes strictly non-
negative, and a single-sideband formulation is achieved.
The two-tone diamond truncation (3.18) may be densely packed through a remapping
scheme presented by Hente and Jansen [26]. For a truncation of order P, the suitable
remapping is achieved by setting

1. Inaddition, it is necessary to round the transform size up to nearest power of 2 to use efficient
power-of-2 FFT algorithms.
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Q,=P+1

A (3.32
QZ =P
A given frequency w,, U Dy, having indices k; and k, such that
w, = k;Q; +k,Q, (3.33)
will be assigned by p to theinteger bin
Hp, (h) =k, Qy+k,Qy (3.34)

= (k +ky)) P+k;

To constrain these remapped values to be non-negative, we proceed as follows. Since the
diamond truncation of order P mandates that |k1| + |k2| <P, k; must always satisfy the
inequality —-P<k; <P. Thus, for k; +k,>0, uDP will aways be positive. For
ky+k, =0, uDP will be positive if and only if k; >0. For the case where k; +k, <0,
uDP will always be negative. Consequently, invoking the constraint (3.19) ensures that
only a single sideband is generated, and that it falls to strictly positive remapped
frequencies.

The remapping strategies for the diamond and box truncations can be used as a basis
for other truncation schemes, such as the modified diamond method. The remapping
strategies may also be readily extended to more than two fundamental tones through
recursive application of the two-tone scheme. It should be noted, however, that the
remappings for the aforementioned truncations are not densely packed, and so require
more remapped frequencies than are present in the truncation.
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Figure 3.4 Remapping for diamond truncation of order P = 4.
The shaded bins represent complex-conjugate
“image’” dlotsthat are absent from the single-sided
formulation.

3.33 A Remapping Example

To provide a concrete frequency remapping example, let's consider a diamond
truncation of order P = 3 for a problem with fundamental frequencies f, = 100 Hz and
f, = 1 Hz. Following (3.32), the remapped frequencies are Q1 = 4 and Q, = 3. A
frequency mixing term falling at the physical frequency

k,fy + Ko, (3.35)
is thus remapped to an integer frequency bin:
K fp+Kofy — K Qp +Kk Qp =4k, + 3k, (3.36)

The diamond pattern showing the remapped integer bin values corresponding to each
(kq,ko) mixing term is shown in Figure 3.4.
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p) |k | ke | ()
0 0 0
1 1 -1 99
2 -1 2 98
3 0 1 1
4 1 100
5 2 -1 199
6 0 2 2
7 1 1 102
8 2 0 200
9 0 3 3

10 1 2 102
11 2 1 201
12 3 0 300

Table 3.1 Correspondence between remapped and physical
frequencies.

Table 3.1 above shows the correspondence between the physica and remapped
frequencies. For purposes of evaluating the semiconductor device nonlinearities, each
physical waveform

H
X(t) = Xq+ z SXReos (e t) — X! sin (@) (3.37)
h=1
is represented by a remapped waveform
H
x(0) = X+ Y SXReos (u () t) - X! sin (1 (h) H)F (3.38)
h=1

which has a far more manageable spectrum. In this example, both the physical and the
remapped waveforms are periodic. However, the number of samples needed by DFT/FFT
transforms to explicitly compute the spectral representation of g (x(t)) is much larger
than that needed to compute the transform of g (X (t) ) . Figure 3.5 illustrates the situation
for our example. In cases where the two fundamentals are incommensurate, the DFT/FFT
approach cannot be used at all without resorting to a remapping® or a multi-tone
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DFT bin

Figure 3.5 The physical and remapped spectral representations of x(t)
(not to scale). Note how the effective transform size is
reduced. The dashed line above corresponds to the (-1,2)
mixing product which must be conjugated because its bin
corresponds to the negative physical frequency -98 Hz.

transform. Although not used in this work, the latter approach is outlined in the next
section below for the sake of completeness.

3.34 The Multi-Dimensional DFT/FFT

An alternate approach to multi-tone quasiperiodic transforms is the use of a multi-
dimensional Discrete Fourier Transform [31]. This transform has been widely used in the

1. Inpractice, of course, incommensurate frequencies can be approximated arbitrarily closely by
commensurate frequencies. However, the common period may become prohibitively long.



Chapter 3 Harmonic Balance Fundamentals 56

harmonic balance literature [32][30], and does not require the frequency remappings of
Section 3.3.1. Before proceeding to describe its application to harmonic balance, we
briefly review the basics of the M-dimensional DFT.

Suppose we have a scalar function y(t,, ..., t,,) of M time variables, which is
periodic with period T = 21/ Q_ ineachdimension 1, 2, ..., M. In direct analogy to the
1-dimensional case, each of the M time dimensions of y may be sampled over its period to
obtain an M-dimensional hypercube of samples

Dn T nMTMD
y1 nM—yDN N, O DO<n <N, forlsms<M. (3.39)
The M-dimensional Discrete Fourier Transform Theorem establishes the existence of the
forward and backward DFT relations

N,

> Dk n, k n 240

Y, = D—+ A

KoKy tot Z z ynl n“" { " ON, NM@ (340
n

and

H
Z
<

Ekln1 kM n
= Y, exp| 2mj .. , 341
Yo, ... Ky Ky p[ J Nl NM'\E} ( )

=
=<
1
o
ey
1
o

where

M
|_| (2P, +1) (3.42)

is the total number of samples present in (3.39). The Fourier coefficients Y, | which
1
were computed in (3.40) alow the M-dimensional waveform y to be represented as

Nl NM
Yty ) = Y S Y el ok Qut)] . (349
k,=0 k=0

Exact equality in the relation above is prevented only by aliasing errors introduced by
inadequate sampling. These errors can be minimized to an arbitrarily low level by
increasing the sampling orders N, ..., N,,. At time points corresponding to the time
samplesin (3.39), the relationship holds “exactly” (i.e., to floating point precision).
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Recall that our goal is to compute the quasi-Fourier coefficients of g (x(t)) for
guasiperiodic waveforms x (t) . The quasiperiodicity of x (t) alows the waveform to be
expressed as

x(t) = z z XklmkMexp [ (kyQq + ...k, Q) 1] (3.44)
k,=—P; ky=-Py
where M fundamentals have been assumed, and a dual-sided representation of the
waveform has been used for notational convenience. Corresponding to this waveform, we
define the M-variable function
p

peet) =Y Y X @l Qut + ok Q)] (345)

ky, = —P
1 M M
and observe that x (t) = X(t, ..., t) . Defining the M-dimensional sets of samples

%(t

21N 21N

O O
A ~ 1 M
= XU O—-P_<n_< <m< )
and
gnl...nwI = g%nl...nME’ —Ppsn,sP, forlsms<M (3.47)

allows the application of an M-dimensiona Discrete Fourier Transform to calculate the
Fourier coefficientsof g (X (ty, ..., ty,)) :

Py

e oL

Mo Nyt

P

EM 0 2 E M 10w Ul (3.48

- + ... .
In,..n, &P 74T [RP,+1 2Py, + 17 (348)

n,=-P; ny=-Py

'™

Following the discussion of the preceding paragraph, the spectral representation of
g(x(ty, ..., t,,)) canbewritten as

Py

PM
g(f((tl,...,tM))z z Z le___kMexp[j(lelt1+...kMQMtM)],(3.49)
k,=-P; Ky =-Py,
and so
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g(x(t)) = g(x(t, ...,t)) (3.50)

= z Z Gy, ...k, P LI (K Q@+ ky Q)

Thus, the spectral coefficients le"'kM computed in (3.48) are in fact the actual spectral
coefficientsof g (x(t)) , asdesired. We reiterate that for accurate ssmulations, the orders
P, must be chosen such that aliasing errors are negligible, in which case the approximate
equality above becomes numerically exact.

3.4  Formulating the Harmonic Balance Equations

The transforms described in the previous section are central to formulating the
harmonic balance equations. In the single-tone (i.e., one fundamental) case, the DFT/FFT
is used to transform between the time and frequency domains. For multi-tone problems,
the frequency-remapping technique is employed in our work, rather than the multi-
dimensional DFT.

Harmonic balance analysis is applicable when the state equations

g(x(1)) +%€|(X(t)) +y(t) Ox(t) —w(t) =0 (3.51)
are driven by a quasiperiodic stimulus vector w(t) , as is assumed here. Thus, we
consider an M-tone stimulus of the form

M
w(t) =W+ 2 SWRcos(Q 1) ~W! sin(Q e | (3.52)
m=1
where WE‘] and Wﬁn are the real (cosine) and the imaginary (negative sine) portion of the
stimulus vectors, respectively, for the m-th tone.l As discussed in Section 3.2.2, the
steady state response to such an input will contain spectral components at the set of
frequencies

1. In practice, the stimulus vector can a so include spectral tones at mixing frequencies. Thisis not
shown for notational simplicity.
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wklkZ"'kM = Kk QK Q,+ .+ K, Q- (3.53)
Truncating this frequency set to a total of H harmonics alows us to expand each state

variable as a quasi-Fourier series

H
X (1) =X o+ Z Exrﬁ‘hcos(wht) —X! sin (ooht)% , (3.54)
h=1

where o, UW,,0<h<H. P, and thus H, must be chosen large enough so that the
contribution from the neglected frequencies is insignificant. The goal of the harmonic
balance analysis is to determine the quasi-Fourier coefficients Xr'?h and Xﬁm such that
(3.51) is satisfied for the given stimulus.

341 TheHB “Right Hand Side” (RHS) Residual

To proceed toward solving the system, we define the time domain right-hand side
(RHS) residua vector as

f(x(t);1) = g(x(t)) +%Q(X(t)) +y (1) Ox(t) —w(t). (3.55)
In general, since there are only 2H + 1 degrees of freedom in the quasiperiodic expansion
(3.54), we can expect to drive the residual vector to zero only at 2H + 1 time points,
which are sometimes referred to as ** collocation points.”” A variant of harmonic balance,
dubbed waveform balance [28], formulates the nonlinear problem by using frequency
domain state vectors (such as (3.54)) while representing the residual in the time domain at
a finite number of collocation points. Four straightforward variants on harmonic balance
are possible, since both the state vector and the residual can be represented either in the
time or frequency domains. Although any of the four choices should have very similar
nonlinear solve properties, their Jacobian matrices would at first glance appear to be quite
different. However, because each of these four Jacobians are related to each other through
pre- or post-multiplication with Fourier Transform matrices, the choice of which
formulation to use should have minimal repercussions in practice.
In the standard harmonic balance algorithm [27], both the state vector and the residual
are represented in the frequency domain. The convolution term y (t) O x (t) becomes a
simple frequency domain product. The nonlinearities g and g, on the other hand, must be
sampled in the time domain, and then transformed into the frequency domain through
application of aquasiperiodic transform. For this purpose, we use the artificially remapped
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waveforms X (t) , as in (3.26). Assuming that 2S samples are enough to adequately
represent g (X (t)) and g (X (t)) , the desired quasi-Fourier coefficients at the nth state
equation can be computed through I, the single-sided DFT operator of Section 3.1.2:

R - R 7 R r R 7
Gno g, (% (t,)) Qno a, (% (t))
G g, (X (t,)) Qi d, (X (1))
Gy 9, (X(t5)) Q1 q, (X (t,))
| =T | and | | [ =T | (3.56)
GRo 4| [9(X(ts 9| |QRg 4| [Gn(R(tys_3))
G:\, S_1 gn ()A( (tzs_ 2)) er1, S_1 qn (5\( (tzs_z))
9, (X (tyg_1)) o, (X (tyg_1))
GES_ 1 n 25-1/7 _er?,s_ n 25-1/7 ]
where t, = %5 A suitable mapping function p (h) alows us to form the frequency
domain residual from the above coefficients:
N
Fan(X) = Gy (X +iw,Q iy (X) + z Yo, (@) X =W, (3.57)
=1

where 0<h<H, 1<n<N, and O<pu(h) £S-1. This is the nonlinear system of
harmonic bal ance equations which isto be solved for X.

As mentioned in Section 3.1.1, the Fourier component in the highest bin of an even-
order DFT (i.e, Grﬁfs and Qr'f g) is “artificial” in the sense that it does not accurately
represent the true spectral energy present in that bin. The constraint on p in the preceding
paragraph guarantees that harmonic balance residual equations will never be formed at
this““non-physical” frequency. Thisimpliesthat 2S the number of time samples, needs to
satisfy the inequality S—1>H.

The system (3.57) is written as a set of HN complex nonlinear equations in as many
unknowns. Because the system is not analytic, we reformulate it by splitting it into real
and imaginary parts. Since the DC sine component is always zero, the system can be
represented asaset of (2H + 1) N real equations in as many unknowns:

N

Frn = Grﬁ\),u(h) -w,Qp wehy ¥ Z %YrFﬁ (000) X[, = Yy (op) Xllhg_wrl?h (3.58)

=1
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N
N R R | |
Fon = Gnun) F9Cn iy * Z %Ym (wp) Xjp, + Yy () thD Whn  (3:59)
I'=1
In compact notation, we write
F(X) =0, (3.60)
where F O ON(2H+1) X1 gng x 0 ON(H+1) *1 denote the vectors of F_ and X . ,
respectively:

= T - R gR gl R gl 7T
F=1I[F,Fy . .FJ " Fo=[FhoFot Farr - Frwo Fand (3.61)
and
= T - R yR vyl R xl 7T
X = [Xp, Xy, XJ T X, = [XROXRXE L xR XE T (3.62)

Some authors prefer, instead, to write down the harmonic balance equations in the
complex domain, with an assumed complex-conjugate relationship between the positive-
and negative-frequency components [39]. The two formulations are equivalent when
matrix-implicit solution methods are brought to bear, but Jacobian storage for the real-
only formulation is only half the size of the complex-conjugate formulation when direct
methods are employed [27].

Although equations (3.58)-(3.59) are rigorously correct, they can be somewhat
cumbersome to write down and work with (particularly when developing expressions for
the Jacobian matrix). The notational difficulty comes largely from the presence of the
remapping function p (h) , and can be removed by assuming a one-tone analysis where
i (h) = h. With this simplification, the residual vector can be written in compact
operator notation as

F(X) = Tyai fIXE+ QM g RIXE + YX, (3.63)
N(2H+ 1) x N(2H +1)

where ' 0 O is a block-diagonal matrix of DFT blocks!
r
My = \ (3.64)
r
and Q, 00 N(2H*+1) xN(2H+1) is a block-diagonal matrix representing the derivative

operation:

1. Thisisnot to be confused with an N-point DFT transform.
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Q = \ , Q= \ (3.65)

0 —w
where W, =

handwO:O.
ON 0

In the simplified notation of the preceding paragraph, an odd DFT size of (2H + 1)
was assumed. Practical implementations of the HB agorithm utilize a power-of-2
transform matrix to exploit the speed of the FFT. Remapping functions are applied to
discard **unmapped”’ frequency bins, thus reducing the total number of harmonics for the
nonlinear solveto (2H + 1) . From here on out, unless specifically noted otherwise, we
will use the ssimplified HB formulation of the preceding paragraph in deriving results. The
extension of these results to scenarios with real-life remapping functions is
straightforward in practice, though perhaps somewhat inconvenient notationally.

34.2 The HB Jacobian

The harmonic balance Jacobian can be derived by applying the chain rule to
differentiate (3.63):

F o0 =30 = r @9 g+ oy, BIF G T Y. (@366)
In the equatlon above, the derivative matrices 0g/ox [ DN(2H+1) *N(@H=*1) and
0g/0x U DN(ZH +1) xN(2H+1) takethe N x N block form
09y 09; 09,
0Xy 0X,  OX
ag g, 09, 09,
Ox 9% 0%, T 0% (3.67)
I
Ogy 99y 09y
0X, 0X, " 0Xy
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og
where in turn each block 6Tn 00 (2H+1) x (2H+1) isadiagonal matrix
m

Ao
g, A og
— = 1 ,Where \_ = —2 (x(t)) . (3.68)
0X \ S 0X, S

Aoy

A completely analogous relationship holds for the charge derivative matrix dq/odx. We
reiterate that the (2H +1) x (2H + 1) time domain block size is used here strictly for
notational simplicity, in order to avoid cumbersome remapping functions. In practice, the
block size would be 2Sx 2S, with S being a power-of-2 for FFT compatibility.

From the above discussion, it is apparent that the frequency domain Jacobian can be
viewed asan N x N block matrix of (2H + 1) x (2H + 1) blocks. That is, the Jacobian
structure takes the form

OF, OF, OF

1

X, 90X, " Xy
oF oF, OF, oF, e
ax (X) = [aX 9X, " aXy| (369

N
OF (OF,  OF,
X, 09X, T 9K

=

where each block aFn/ axm iswritten as

oF  0G.  9Q,

N=_"4+0 "+y . (3.70)
oX X oX_ nm
0 -1,0 -1 01,0 -1
=r g yoxar T ror dlaiianrT ey,

1. Thesefrequency domain blockstruly are 2H+1 by 2H+1, regardless of the dimensionality of the
time domain blocks.
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Each such block is sometimes referred to as a conversion matrix. We point out that
although each such conversion matrix may be structuraly dense, the N x N block
structure retains the sparsity pattern of the original scalar N x N time domain Jacobian.

3.5 Solving The Harmonic Balance Equations With
Direct Methods

Historically, numerous approaches have been taken to solve the nonlinear system of
harmonic balance equations. These have included the Newton-Raphson method (using
both direct and iterative linear solvers), nonlinear programming techniques [21], and
many different nonlinear relaxation schemes. Whether or not a given solution algorithmis
optimal depends on severa factors, the most important of which include the size of the
problem and the levels of nonlinear distortion present in the system. In this section, we
will focus on the direct Newton-Raphson method [24], which is perhaps the most widely
used nonlinear solution technique in existence today. Although this technique is not
directly applicable to large scale semiconductor device simulation problems, a good
understanding of it is essential to developing more suitable algorithms. The two
subsequent chapters will present such algorithms.

351 Newton’s Method
Thelthiteration (1 = 1) of Newton-Raphson applied to (3.60) is

xM = x{-1 —[g—';((x('—l))}_llr%("l)%, (3.71)
where X (1) s the state vector at iteration |, with X (O) being the initial guess. The key
step in this procedure is the accurate construction and factorization of the harmonic
balance Jacobian oF /73X . When this step is done with no approximations, the iterative
process (3.71) will exhibit locally quadratic convergence under assumptions which are
usually satisfied in practice.

As shown in the previous section, the HB Jacobian can be viewed as a sparse matrix of
dense blocks. When direct LU-factorization methods are applied, the memory needed to
store the factored matrix scales as O (N®H2) , while the time needed to factor the matrix
scales as O (NPH3) (o and B are problem-specific constants which depend on the
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gparsity of the time domain Jacobian, with 1<a <2 and 1<3<3.) To appreciate the
extremely rapid growth that occurs as the number of harmonicsisincreased, we consider a
device structure that requires 10MB of RAM to simulate at DC. If this same structure
were to be simulated via harmonic balance at only 15 harmonics, the memory required
would top 9.5 GB. A two-tone analysis at 100 harmonics would require over 400 GB of
RAM. To make matters worse, this quadratic growth in memory requirements is
overshadowed by the cubic growth in ssmulation time.

Clearly, Newton's method based on direct LU-factorization is unsuitable for
simulating large-scale semiconductor device structures. It is thoroughly impractical to
explicitly form, much less factor, the harmonic balance Jacobian for realistic device
simulation problems. Nevertheless, an understanding of the sparse matrix techniques and
data structures used to directly factor *“small” HB Jacobians is useful for a number of
reasons. Some nonlinear relaxation-based methods [3], for example, make use of smaller
Jacobians, and consequently can utilize direct LU factorization techniques. More
importantly, the Krylov subspace solution methods described in Chapter 4 require direct
factorization of preconditioning matrices which approximate the Jacobian. Valuable
insight into their structure and decomposition can be gained by examining the algorithms
for the explicit formation and factorization of the HB Jacobian. The subsequent two
sections seek to offer concise coverage of these topics. For more detail from a slightly
different perspective, the reader isreferred to [27].

3.5.2 Explicitly Forming the Har monic Balance Jacobian

The sine (or imaginary) part of the DC Fourier coefficient is always zero for real
waveforms. Consequently, it is left out of our HB formulation (3.61) — (3.62). In those
equations, each of the residual (F ) and state variable (X ) spectral expansions have
dimensionality 2H + 1, rather than 2H + 2. However, for the purpose of direct LU
factorization of the Jacobian dF /09X, it is convenient to use a dimensionality of 2H + 2
(i.e., toinclude the DC sine component) in order to avoid special-case handling of the DC
harmonic. For the linear solution step, then, a*‘ padded’”’ right hand side residual vector of
the form

= R R | R I 7T
Fn = I:FnO’ 0.F I:nl""’FnH’FnH:I

n nl’

(3.72)
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will be used to match the increased dimensionality of the augmented matrix oF /90X . The
augmentation will be such that the update —(0F /9X) ~1F (X) contains identically zero
entriesfor all DC sine components.

The entries of the explicit N(2H +2) x N(2H +2) harmonic balance Jacobian
consist of the terms oFR /oXR., oFR 7oxl ., oFl /oXR. . and oF| /0X!. for
1<n<N, O0sh<H. Each such collection corresponds to a quad, which is a 2x 2
matrix of the form

_ . R_
. axR. ax! .
hi — mi mi
ohi = N (3.73)
nh nh
R |
axmi axmi

representing the derivative of the complex function® Fon(X) = FR(X) +jFl_(X)

with respect to the complex variable X . = Xr$1i +jX|',ni . These quads are grouped into
blocks (sometimes referred to as conversion matrices) having quad dimensionality
(H+1) x (H+1) (or (2H+2) x (2H + 2) if measured in reals as opposed to quads).
There is a structurally non-zero harmonic balance block corresponding to every
structurally non-zero time domain Jacobian entry of /0x . (Figure 3.6). The conversion
matrix associated with this (n, m) entry has the form

00 p01 OH
D Pom - Pom

oF 10 11 1H
n q)nm q)nm anm .

= (3.79)
0X
m N
HO pH1 HH
_CDnm LAY CDnm_
To compute the value of each quad, we differentiate (3.58)-(3.59) to obtain
oFR  oGR 0Q!

M= W —+ YR (g) (3.75)

R R haxR
OXR xR TMoxR

1. Quads, rather than complex numbers, are necessary to represent the derivative because F,, is
not in general analytic in our formulation.
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6xm

X X X / oF
X X — aXm

X X X X

X X
X X X 2H+2

- >
N
Figure 3.6 In forming the explicit harmonic balance

Jacobian, each structurally non-zero entry in the
DC/time-domain Jacobian (left) inflatesinto a
dense (2H +2) x (2H +2) conversion matrix,
or “block,” (right).

oFR  oGR 0Q!
nh nh nh I
w,—-Y  (w) (3.76)
I | h vl nm‘*~"h
ol axl. Max!
| | R
aFnh ac:"nh ath

= |
SR xR T Ohgxr T nm (@) 3.77)
mi mi

oFl, 0G| . aQ_rFfh

ox! . axl . hax!

The only step remaining isto determine the scalar derivatives dGR /oXR., aGR 7ox! .,
0G|, /xR, aG! /70X . aong with their charge counterparts. We go through the
the calculation of the other quad components is directly

derivation here for aGR /xR
analogous. Recall that, from earlier definitions,

+YR () (3.78)

mi ’
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25-1
2-9,
R _ [R1ths]
G = 35~ Z g, (X (ty)) cos5a > 0 (3.79)
and
A [21th 21th
< - xR TNy | | nB2TNSL]
Xm(ts) = Xm0+ Z thOSD——S—D X D——é_[D (3.80)
h=1
Applying the chain rule to the above equations results in
oGR  2-5.°"'0, o%
[121ths]
= [1_ _
xR 55 z gn(x(t ) D—DcosD 55 O (3.81)
2 5, 25-1°

55 Z EBx =g, (X(tY) cosazglssacosazggsa
Note that a naive appllcatl on of (3.81) resultsin O (S) floating point operations per quad
entry Since there are H2 quads per block, the total workload would appear to be
ODH % at first glance. Although this computational expense would be partially masked
by the fact that the matrix factorization algorithms themselves are ODH%, it would
nevertheless pose a significant burden.

Kundert et al. [27] have presented an O (H2) algorithm for explicitly forming the
harmonic balance blocks. The approach is based on Fourier transforming the samples

09,
A = e (X(t)) (3.82)

into the frequency domain, and splitting each Jacobian block into a sum of Toeplitz and
Hankel matrices.k This algorithm may be derived from (3.81) by multiplying out the
matrices and using the sine and cosine product identities

cos (a) cos(B) = %(cos(a +B) +cos(a—-B)) (3.83)
sin(a)sn(B) = %(cos(cx—B) —cos(a +fB))
sin () cos (B) = %(sin(a +B) +sin(a—p))

1. Toeplitz matrices have entries given by &;=t; ;. Hankel matrices have entries given by &;=h;;.
See [48] for more details.
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When the first of these identities is applied to aGR /6XR in (3.81), we obtain

R 5 DZS— O
ZiR. = 55 ESZ A(Cos DZ"(hH)SD Z A cosDZT[(h I)SEE (3.84)
E /\fl?+l + /\R —i D 5D
R2-3,,; 2-8, _ ,DD
where [AR 0, AR AL AR [ AL |, AR]T is the single-sided Fourier transform of

the samples A._. Apply| ng the other two identities in (3.83) to the three remaining quad
entries results in analogous formulas, and yields the Toeplitz-Hankel decomposition

o OT H .. O
ohi = gNn=i_, __N*i Alh 15 0 (3.85)
R=8,_; 2-%,, 0 M

where the Toeplitz and Hankel quads are defined as

/\R _/\I

|
T.=| ¢ MadH, = K (3.86)
A AR A —/\R
k Yk
respectively. An important consequence of the preceding equations is that each quad
o0 = ﬁz(T +H,) inthetop row of every block hasthe form
. R Al
o0 = 2—16 AT (3.87)
“Til0 0

Clearly, thisimplies that the Jacobian as given as by (3.86) is singular, because each of the
N rows corresponding to the artificial DC-sine harmonic is identically zero. Given the
artificial nature of the DC-sine term augmentation, this result is not particularly surprising.
The situation is easily remedied by introducing a 1.0 entry into the (2,2) — or imag/imag
— spot of the ®90 quad of every block which is positioned on the matrix diagonal. This
fixes the singularity without disturbing the desired solution, while at the same time
ensuring that any update

—1
AX = —E,S_E(E F (X) (3.89)

will result in identically zero DC-sine entrieswhen F (X) hasthe form (3.72).



Chapter 3 Harmonic Balance Fundamentals 70

353 Factoring The Har monic Balance Jacobian
LU factorization of the HB Jacobian is most effectively performed using block
operations. Consider the block matrix

B11 B12 B1N
3 = |Bor Bap - Byy , (3.89)
I
Bni Bz - B

where B; are all square blocks of identical dimensi on_s. In direct analogy with standard LU
factorization algorithms, the block variant of the decomposition finds a permutation
matrix M and block matrices L and U such that

Lyq Upp Uz - Uy
s=ntu = ntflta b 0 Uz Uan|, (3.90)
N T VO
Lt bnz - L[ O O - Upy

where L;; and U;; are square blocks having the same dimension as the B;;. The diagonal
blocks Ljj / Uj; are lower- and upper- triangular, respectively, while the remaining Lj; / Uj;
are potentially full. The permutation matrix M represents the pivoting operations
performed during the decomposition to preserve sparsity and maintain numerical stability.

Conceptually, the factorization process may be presented as follows. Assuming that
the By, block isthe first pivot!, the matrix is partitioned as

By; By - Byy Alli AL
Byy By o Bon| = | 1] )
N ] A A
BniBnz o Bun) L ] (3.91)

where A, = B4 isthe pivot block. By inspection, the block-LU decomposition is then

1. Otherwise, a permutation of the rows/columns would be performed to (conceptually) move the
pivot block into the upper left-hand corner.
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-1
A11 A12 _ Lll 0 Ull L11A12
- 1 O 00 o (3.92)
- 1000 -1
Ag Az AnUir 1| 0 A22_EA21U11DD 11A121
and the first column of L, along with the first row of U, may be determined:
L
| | = Ay (3.93)
Lt
Upp o Ugy| = Apye (3.94)

The above decomposition procedure is then applied recursively to the resultant matrix
Ay, — A21A111A12 to obtain the remaining rows and columns of L and U.

When applied to factoring the HB Jacobian, sparse solvers based on the block-oriented
algorithm presented above have several advantages over standard packages. One such
advantage is memory usage — typically, each non-zero entry in standard sparse data
structures takes up several extra bytes of overhead due to the need to establish its position
within the matrix. This cost is avoided when block-oriented algorithms are used, since the
overhead is incurred only once for each block (that is, once per O (H2) elements).
Furthermore, the block-oriented structure improves factorization speed substantially.
Since the elements are stored in dense arrays, they can be accessed efficiently for block
operations such as dense block multiplications, additions, and subtractions. An additional
benefit is a dramatic speed-up of the *‘symbolic factorization” stage — i.e., the
determination of the pivoting order. Pivoting is done on a block-by-block basis, and since
the number of blocks is O (H2) times smaller than the total number of structurally non-
zero entries, the improvement can be quite sizeable for large H.

When exact Jacobians are being used, each block is either structurally full or diagonal.
In circuit ssimulation, the block at position (n,m) is diagonal if only linear components are
connected between nodes n and m, and structurally full if at least one nonlinear device is
connected. In semiconductor device simulation, the vast of majority of the blocks are full,
since the models used in the constitutive equations typically imply at least weakly
nonlinear interaction between the state variables at the grid nodes. Although strictly
speaking a block becomes structurally full when it corresponds to a nonlinearity of any
strength, the off-diagonal entries tend to become extremely small as the level of
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nonlinearity is decreased (see Section 3.5.4). Furthemore, in the one-tone case, the
magnitude of the off-diagonal terms decreases gradually as a function of their distance
from the diagonal.> This leads to a natural approximation of structurally full Jacobian
blocks by banded matrices. Kundert's Harmonic-Relaxation-Newton scheme [27], for
example, selects the bandwidth BW for each block through a heuristic of the form

N S BA, for h<s BW. (3.95)
|dedlly, the threshold constant i is picked small enough (10'4 isatypica vaue) such that
nonlinear convergence remains robust.

Block-oriented matrix factorization algorithms are extremely effective in handling the
aforementioned combination of diagonal, banded, and full blocks. To see why, we first
note that the LU factorization of a banded block of bandwidth b results in L and U
matrices having bandwidths b (see Figure3.7). Subsequent elimination operations

X X X X
X X X X X
X X X X X X
X X X X X X X
X X X X
X X X X
X X X X
X X X X
xX X
X X X
X X X X
X X X X
X X X X
X X X X

X X X X X X X
X X X X X X
X X X X X
X X X X

X X X X

X X X

xX X

X X X X

Figure 3.7 LU factorization of a banded harmonic balance
pivot block. Note that the bandwidth of the L and U
factorsis equivalent to that of the original pivot
block.

involve block products with LI11 and UIll' These matrices are structurally diagonal if the
pivot B,, is structurally diagonal, and so (in the diagonal case) do not increase the

1. Inthe multi-tone case, the situation is similar, but the stripes are spaced at constant intervals.
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bandwidths of the blocks that they pre- or post-multiply. When the pivot is not purely
diagonal, L7 and U7] become lower/upper triangular (respectively) and structurally
full. Nevertheless, in harmonic balance applications the magnitude of the entries will
decrease with distance from the diagonal, and a numerical bandwidth can be set. In
general, when a block with bandwidth b; multiplies a block with bandwidth b,, the
resulting block will have a (structural) bandwidth b, + b, - 1. Asthe elimination process
proceeds, the matrix blocks become more and more full. The pivoting agorithm should be
chosen such that this level of fill isminimized. In particular, it is advantageous to pivot on
those blocks which are diagonal, or, in the case where that’s not possible, those that have a

very small bandwidth.

3.54  TheHarmonic Balance Jacobian at Low Distortion Levels

Studying the harmonic balance equations in the limiting case of low distortion is
important for both practica and theoretical reasons. It is in the low distortion regime
where harmonic balance exhibits its most significant performance advantages over
transient simulation. There are numerous applications, such as highly linear single-
transistor amplifier device design, where a very low level of distortion is precisely what
the designer istrying to achieve. To analyze such problems, transient simulators must still
place sample points closely enough to capture the sinusoidal waveforms, regardless of
how few harmonics are being generated. Harmonic balance, on the other hand, can get
away with expanding the waveforms into a small number of sinusoidal basis functions.
Just as importantly, the harmonic balance Jacobian begins to assume a block diagonally-
dominant form — afact which can greatly speed its factorization, and provide an effective
preconditioner for iterative linear solvers. This latter topic will be more fully explored in
Chapter 4.

The non-autonomous systems of equations considered in thiswork have, by definition,
zero AC response under DC-only stimulus (i.e., at zero AC input). We consider the case
where the AC input is small enough such that the quasi-Fourier coefficients at each state
variable

H
X0 (1) =X+ S BXE o8 (@) =X}, sin (@) (3.96)
h=1

satisfy the condition that
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H

Z | Xah) (3.97)
=1

is “extremely small.” Letting X, o = [X;q, X5, ..., Xyol T denote the state vector DC
components, the nonlinear resistive functions can be approximated through a Taylor
expansion as

>

N ag H
6, (x(0) =g, (X. 9+ Y K:(X*’O) S EXRncos (t) —Xhsin (w0 (398)
m=1 h=1
which (by direct inspection) has the spectral representation

Gno = 9 (X*,O) (3.99)

N agn
Gy = Z 5 (Xx o) Xy h>0. (3.100)

m=1 M

In a directly analogous fashion, the spectral coefficients of the nonlinear charge functions
d,, can be approximated as

Qno = an (Xs o) (3.101)

N aq
Qn = Y 3¢ %50 X N>0. (3.102)
X~
m=1

For notational convenience, we let AJ™ = (9g,/0x ) (X. ;) denote the spectral
resistive derivative DC coefficient, with ©g™ = (dq,/0x) (X, ;) beingthe analogous
capacitive DC term. Differentiating the equations (3.99) — (3.102) yields the result

nn _ 5. .Anm (3.103)
axmi h—i""0 :
Zg”h =8,_{9"

mi

where o, _; is the Kronecker delta function — unity when h =i, and zero otherwise.
Thus, we see that under the low distortion approximation of (3.98), differentiating the
harmonic balance equations yields®

1. Here, we explicitly include the contribution from the convolution term of the constitutive equa-
tions.
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aFnh .
e AT +jw,O0M+ Y, (W) (3.104)
mh
oF .
X = 0fori#h. (3.105)
mi

Written in matrix form, each Jacobian block has the representation

/\8m 0 0 ijG)Sm 0 0
oF nm : nm
aXn _ 0 /\0 ... 0O + 0 Jool@o 0 (3.106)
m [ A U | | \ |
0 o .. /\8m 0 0 jo\)HG)gm
Yom (@) 0 0
N 0 Ynm(ool) 0
| | \ |
0 0 Ynm(ooH)_

There are two key points regarding the above relationships. The first is that the equations
become analytic — that is, the Jacobian entries are complex numbers, rather than quads.
The second point is that each Jacobian block (now an (H +1) x (H + 1) complex sub-
matrix) is purely diagonal. This latter point is critical to fast and efficient factorization of
the approximate |ow-distortion Jacobian matrix.

3.6 Summary

This chapter has presented an overview of harmonic balance algorithm fundamentals.
When compared to transient analysis in the context of analog RF simulation, harmonic
balance offers numerous advantages. These include the ability to directly capture the
steady state response of nonlinear systems, almost complete insensitivity to wide
frequency spacings of multi-tone spectral inputs, excellent handling of distributed linear
elements, and good dynamic range for accurate resolution of low-distortion products.
Much of HB’s advantage over standard time domain methods is due to quasiperiodic
transforms and remapping functions that are utilized in lieu of finite-difference methods or
brute-force one-dimensional Fourier transforms. A survey of these was presented, and the
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choice to use remapping functions instead of the multidimensional Fourier transform was
made.

The formulation of the harmonic balance equations was discussed next. The
formulation of both the right hand side residua and the Jacobian matrix was discussed.
Given the large size of semiconductor device problems, direct solution methods are
clearly impractical. Nevertheless, a section on direct solution methods was included, with
some emphasis placed on the role that direct matrix factorization techniques play in the
more suitable agorithmic approaches of the next two chapters.



Chapter 4

Solving the Har monic Balance Equations
with Newton-Iterative M ethods

The Newton-Raphson agorithm is perhaps the most widely used technique for solving
nonlinear systems of algebraic equations. Its chief strength lies in its locally quadratic
convergence behavior when starting from sufficiently good initial guesses. When
combined with continuation methods such as source-stepping or arclength continuation,
Newton-Raphson is a robust and reliable method for solving the harmonic balance
equations.

The first generation of practical harmonic balance circuit simulators relied primarily
on Newton-Raphson with direct LU factorization as the central workhorse algorithm. As
shown in Chapter 3, however, direct LU factorization methods result in memory usage and
CPU time growth rates that are thoroughly impractical for large-scale systems of
equations. As early as 1991, Newton-Iterative methods (also known as Inexact Newton
methods) based on Krylov subspace linear solverswere proposed for solving the harmonic
balance system of circuit equations [38]. Since then, other authors have successfully
applied Krylov subspace solvers to large scale systems of HB circuit [39][42][44] and
device [1][2] equations.

In this chapter, we present the basic theory of Krylov subspace solution methods,
along with their application to solving systems of harmonic balance device equations.
Standard preconditioners are reviewed, and novel preconditioners for solving multi-tone
device distortion problems are presented. In addition, approximate spectral storage

77
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schemes are developed for further reducing the memory required in large-scale device
simulation problems.

4.1  Krylov Subspace Solution Techniques

Krylov subspace methods attempt to solve the linear problem
Ax = b (4.2)
by iteratively adjusting x to minimize some measure of error. In genera, at the kth
iteration, Krylov subspace methods minimize the error over the affine space
X+ Ky, (4.2
where X, istheinitial iterate, and

0 2 k-1 [
K = spanfy o, Arg, Arg, ..., A" I (4.3)

is the kth Krylov subspace of matrix A, with initia residua of ry = b—Ax;. Krylov
solution methods have shown themselves to be superior to their stationary iterative
counterparts such as SOR, Gauss-Seidel, etc. [48][50], and are the methods we focuson in
this section.

A common aspect of all the Krylov subspace agorithms is their need to carry out
matrix-vector products of the form Av, (and possibly ATvk) at each iteration k. The
matrix A itself need never be explicitly stored so long as the matrix-vector products can be
computed. It turns out that when A is a harmonic balance Jacobian, a compact
representation for forming such products is readily available. We defer a description of
harmonic balance matrix-vector products to Section 4.2, and first briefly present the basic
theory underlying GMRES, our Krylov subspace algorithm of choice.

4.1.1 Generalized Minimum Residual (GMRES)

The Generalized Minimum RESidual Algorithm (GMRES) [46] was developed in
1986 as a genera -purpose Krylov subspace method for nonsymmetric linear systems. The
key idea behind GMRES is to minimize at the kth iteration the residual r, = b—Ax, in
the 2-norm over the space X, + K . Formally, this amounts to solving the least squares
problem

mi nXk (xg+ Kk”b - Axk” ) (4.9
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at each iteration k. Since the kth Krylov subspace contains k basis vectors, the least
sguares problem has k degrees of freedom.
If we let V|, U Dka denote an orthonormal basis for K, , the kth iterate can be
written as
) X = X+ ViYp (4.5
wherey, [ 11" isto be determined by the |east squares equation(4.4):
e Dk||r0 —Akak”2 : (4.6)

The orthonormal basis A is constructed via the Arnoldi process, which is the Gram-
Schmidt process applied to a given Krylov subspace. The k orthonormal columns of
Vi = [vyV,, ..y ] aregivenby v, = ro/”rO” for the first column, and

miny DDk||b_A(XO+kak) ”2 = min

Ty, U
Av; — Z %’I Aviv,

|
_ =1
Vigq = i (4.7)
Tay
AV; - z M Ay

=1
for subsequent columns (i =1). In practice, the classical Gram-Schmidt algorithm as

presented above suffers from numerical stability problems which cause the columns of V,
to lose their orthogonality [48]. In actual implementations, either modified Gram-Schmidt
orthogonalization [48] or Householder reflections [47] are used to carry out the Arnoldi
process. In theory, the Householder-Arnoldi algorithm is regarded as numerically more
stable. In our experience, however, there is virtually no difference between the two
approaches as far as harmonic balance device simulation is concerned.

The orthonormality of the basis matrix V, allowsthe least squares problem (4.6) to be
solved efficiently. From equation (4.7), one can readily derive the relationship [51]

. AV, = V,, H,. (4.8)
whereH, 0 [ T Ks upper Hessenberg — that is, upper triangular with a single stripe

right below the diagonal. For example, at k =5, Hwould have the structure
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X X X X X
X X X X X
Hy = X XXX (4.9)
X X X
X X

X
Taking advantage of the fact that v, = r/ ||r 0” isthefirst column of V, , we can re-write
the least squares problem as

minyk . Dk||b—A Xo* Vi) ”2 = mi nyk . Dk||vk+ 1 (Be;=H,y,) ||2 (4.10)

where e, is a unit basis vector along the first dimension, and B = ||r0|| . Furthermore,
because V, , , isorthonormal, it has no impact on the 2-norm, and may thus be removed
from the relation above to yield the upper Hessenberg least squares problem

mi nyk . k|| Be,-H kyk” o (4.11)

The QR factorization of the upper Hessenberg matrix H, is readily performed through k
Givens rotations [48]. Because Givens rotation matrices are orthonormal, they also do not
affect the 2-norm in the least squares problem. For instance, applying the first two Givens
rotations G, and G, to the example matrix Hg in (4.9) would eliminate two of the
lower-diagonal entries asfollows:

o X
o X X

(4.12)

X X X X

G,G,H, =

X X X X X
X X X X X X

When al k Givens rotations are appl_ied (let's write _G =G 0. EGl), the resulting
matrix R = GH, assumes an upper triangular form, and the least squares problem

minyk - Dk||[3e1—Hkyk||2 = minyk . Dk||BGe1—Ryk||2 (4.13)

becomes easy to solve.

One serious drawback of the GMRES algorithm as presented above is the storage cost
associated with the orthonormal basis® V, . Because an extra basis vector of size N hasto
be stored for each GMRES iteration, the storage cost can become prohibitive if many
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iterations need to be taken. Consequently, it is necessary in practice to use a *‘ restarted”
variant of GMRES, where the iterative process begins anew after a fixed number of
iterations. In practice, we have found a restart value of 10 to be more than enough for
harmonic balance applications.

412 Other Krylov Subspace Algorithms

In addition to GMRES, severa other Krylov subspace methods for solving indefinite
non-symmetric systems exist. These include algorithms such Quasi-Minimal Residual
(QMR) [53], Transpose-Free Quasi-Minimal Residual (TFQMR) [54], and Biconjugate
Gradient Stabilized (BICGSTAB) [55]. In particular, the QMR family of algorithms are
sometimes preferred over GMRES because they can execute in a fixed amount of storage
which doesn’'t increase with the iteration count. In some applications, restarted variants of
GMRES are known to “stall” at a given value of the residual, and are not able to reduce
the norm unless the restart value is increased. Because QMR a gorithms do not need to be
restarted, they are sometimes able to converge when GMRES cannot.

In this work, we have found restarted GMRES to be superior to QMR/TFQMR, both
in terms of speed and in terms of robust convergence behavior. Thisisin al likelihood due
to the relatively good preconditioners that are available for the harmonic balance problem.
Because GMRES works so well relative to its alternatives for low values of the restart
parameter, we use it exclusively in this work. All the results presented in subsequent
sections are based on the Householder-Arnoldi variant of GMRES [47] using a restart
value of 10, unless explicitly stated otherwise.

4.2  Matrix-Vector Products|nvolving the Harmonic
Balance Jacobian

As we've seen, matrix-vector products are centra to Krylov subspace solution
algorithms. Fast computation of these products, along with efficient storage of the
harmonic balance Jacobian representation, is essential for practical application of the

1. Inthe Householder variant of GMRES, it is the Householder vectors that are explicitly stored,
rather than the orthonormal basis. The storage cost between the two methods is virtually identical
for large problems.
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algorithms to solving large-scale HB equations. In this section, we outline an FFT-based

algorithm [39] that carries out the matrix-vector productsin O (Slog (S)) floating point

operations and O (S) storage requirements, where Sis the number of time samples used

in the HB analysis. In Section 4.4, we will present algorithms which further reduce

memory storage requirements, at the cost of slowing down the matrix-vector multiplies by

aconstant factor which is independent of the number of harmonics H or time samples S
Recall from Section 3.4.2 that the harmonic balance Jacobian can be written as

g--1,0 ql--1,0

F' (X) :a—F(X) = DF XDEF QNF DF XD[F +Y, (4.14)
0X N

where I, is a block diagonal matrix of DFT operators defined by equation (3.64), and
Q,, isablock-diagonal matrix representing the derivative operation (see equation (3.65)).
Our goal isto carry out matrix-vector products of the form

F'(X) v = (4.15)

My g%r WAV +Q q%r XAV + YV

where V is an arbitrary real (2H + 1) N x 1 vector that, like X, can be written in block
form as

V= [V, V,, .., VT, (4.16)
- T
= [Vio VRV o VR VEL]T, LsmsN. (4.17)
Consider first the resistive portion of the product. The operation
r E%Dr XDEF 'V (4.18)

may be carried out efficiently in three steps. First, FKllv is computed using N FFT
operations. Because each block dg,/0dx . in
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09, 09, 09,
0x, 0X, 0Xy
g _ %2 99 %92
Ix _ |9%y 0%, 0%y (4.19)
I
agN 6gN agN

_axl 0x, 70X
is strictly diagonal (see (3.68)), the product gg DF XD EF V can then be carried out in
O (H) floating point operations. An additional N FFTs complete the steps required to
compute (4.18). The corresponding evaluation of the capacitive product

I xgT v (4.20)

QNI'N
proceeds in an exactly analogous manner, with the additional (cheap) multiplication by the
derivative operator Q. Lastly, the product

YV (4.22)
can be computed efficiently by noting that each structurally non-zero block of Y is
diagonal.

Because the semiconductor device equations are of the form (2.29)-(2.30), there are no
nonlinear capacitive terms present within the drift diffusion state equations themselves.

Consequently, within the semiconductor device domain, the Jacobian reduces to

F'(X) = ﬂ%mr XO T —diag (0,9,0,0,0,0,..), (4.22)
and the correspondl ng matrix vector product
g_;w:r ggr X3 TV —diag (0,9,9,0,0,Q,...) V (4.23)

contains no nonlinear capacitive multiplies (4.20). Of course, if nonlinear capacitors or
linear distributed elements are present outside the semiconductor device domain, then the
corresponding products (4.20) and (4.21), respectively, would need to be carried out over
the circuit portion of the matrix.
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4.3  Preconditioning

The performance of linear iterative solvers can be improved dramatically through the
use of preconditioners. Instead of solving the linear system Ax = b, weinstead solve the
preconditioned system

EMITAMEIE (M) = M{Tb. (4.24)
M, iscalled the left-preconditioner, and M, is referred to as the right-preconditioner. In
this work, we restrict ourselves to applying either the left or the right preconditioner, but
not both simultaneously.

Preconditioning modifies some aspect of the origina matrix (e.g., an improved
condition number or a better clustering of eigenvalues) that allows a given iterative linear
solver to take fewer iterations. Since the preconditioner must be applied on every iteration,
the trade-off must be such that the reduction in iteration count more than offsets the
increased work necessary on every iteration. Ideally, a preconditioning matrix M should
be a good approximation to the original matrix A, while also being fast and easy to factor.

Many genera-purpose preconditioning schemes have been documented in the
literature ([49], [50], and references therein). Being general in nature, these turn out to be
sub-optimal  for preconditioning the harmonic balance Jacobian. As we saw in
Section 3.5.4, the HB Jacobian at low distortion levels reduces to a block-diagonal form.
It turns out that this matrix is an excellent preconditioner for the harmonic balance
problem, and typically continues to perform well even at relatively high distortion levels.
In the rest of this section, we will present problem-specific preconditioners for the HB
device equations. In addition to the aforementioned block-diagonal preconditioner, we
will introduce the so-called sectioned preconditioner for large multi-tone distortion
problems, and briefly discuss future work that remains to be done on the problem.

4.3.1  TheBlock-Diagonal Preconditioner

As was shown in Section 3.5.4, the harmonic balance Jacobian assumes a complex-
valued block-diagonal form under the low-level distortion approximation. This block-
diagonal matrix isanatural candidate for preconditioning the harmonic balance equations.
We can expect such a preconditioner to be outstanding at low power levels, with its
effectiveness gradually diminishing as the distortion levelsincrease. The usefulness of the
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preconditioner hinges on its applicability at the power levels of interest in a given
application. In practice, this requirement appears to be met in the majority of realistic
semiconductor device simulation problems.

» - » -
ad 0 0 O ad 0 0 0
1 1
0 alf) 0 O 0 al, 0 0
0 0 a2 0 0 0 0% 0
0 0 0 of 0 0 0 af
[0 1 [q0 1[40 |
ad) 0 0 O0|fa), 0 0 O|fad; 0 0 O
1 1 1

My, = 0o} 0 0[|00al 0 0o||l0al 0 O
2 2 2
0 0aZ 0[|0 O0a% 0|0 0 a3 O
0 0 O0o3f[0 0 O0a3l|0 0 0 a3
> -
a3 0 0 O
1
0 al; 0 O
2
0 0 a% O
3
i |0 0 0 ag

Figure4.1 An example of the block-diagonal preconditioner matrix
structure for N=3, H=3. Each block within the matrix
corresponds to a single Jacobian entry in the time domain
Jacobian.

Referring back to equations (3.104) - (3.106), we define (xlqm for notationa
convenience to be the hth diagona term in the (n,m) block of the low-distortion HB
Jacobian:
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oF
h — nh _ ,nm . nm
Gnm = m = /\O +](J0heo +Ynm(00h) . (425)

The key to fast and efficient factorization of the block-diagonal preconditioning matrix is
noting that it can be performed through H+ 1 LU factorizations of sparse Nx N
matrices. To illustrate this point, consider an example with N =3 and H = 3
(Figure 4.1). By permuting the rows and columns of the preconditioning matrix Mg , itis
possible to transform it into the form shown in Figure 4.2. The permutation transforms the

al% 0 a9

11 13
ag ad 0
0 0 aZ
afy 0 afy
a3 a3 0
T 0 0 aj
BD
af; 0 af
ag ag 0
0 0 aZ
af; 0 ag
a3 a3, 0
0 0 a3

33

Figure 4.2 The block diagonal preconditioner of Figure 4.1 after a
permutation operation 'l which groups blocks on the basis of
frequencies rather than nodes. Each of the H diagonal blocks
has dimension N x N and retains the sparsity structure of the
original time domain Jacobian.
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matrix into aset of H + 1 decoupled N x N blocks, each having the sparsity pattern of the
original Jacobian. That is, the permuted Jacobian takes on the form

3. (@)

M Mgp = Jac (@) \ , (4.26)
I (W)
where J__(w,) OCN*N can be viewed as an AC matrix [57] at harmonic balance
frequency w,,. Thisisin contrast with the unpermuted structure, whichisan N x N block
matrix having the sparsity pattern of the original Jacobian, with each entry being a
diagonal block of dimension (H+1) x (H+1).

As readily seen from the preceding paragraph, both the memory requirements and the
execution time for employing the block-diagonal preconditioner scale as O (H) with the
number of harmonics. Unfortunately, in multi-tone semiconductor device simulation
problems, the number of harmonics can still be so large that it is impractical to store the
entire preconditioner Mg . Even in two-tone simulation, where the number of harmonics
rises as O (P2) with the truncation order P, it is not particularly uncommon to have
values of H exceeding 100 for high-distortion problems. Given a device structure whose
AC Jacobian storage takes 10MB, for example, the storage of Mg, would require a
gigabyte of RAM for H = 100. Clearly, such storage requirements can become
prohibitive for large multi-tone simulations.

4.3.2  The Sectioned Preconditioner for Multi-Tone Problems

To overcome the problems posed by block-diagonal preconditioner storage in multi-
tone analysis, we note that most multi-tone problems have distinct **bands’ of harmonics
that are very tightly spaced in frequency. For instance, a common two-tone input signal
used for intermodulation distortion analysisis

V(t) = Ajcos(Q,t) +A,cos(Q,t), (4.27)

where the tone spacing AQ = Q,—Q, isvery smal relative to the magnitudes of Q,
and Q,. Figure4.3illustrates the frequency *“bunches” or “bands” that result from this
type of stimulus.

It is possible to exploit this frequency-grouping phenomenon by noting (Section 2.4.2)
that inside the semiconductor device, each state equation has the form
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Figure4.3  Anillustration of tightly spaced frequency *‘bands” that
occur when AQ = Q,, —Q, issmall inatwo-tone stimulus.
The dashed lines and the frequencies above them indicate the
center of each ““band” in the spectrum.

dx,,

ESCWa +g, (x(t)) —w_ (1) =0, (4.28)
where 1<n< 3K, and 6com is zero for the Poisson equations (n=1,4,7, ...) while being
unity for the continuity equations (n=2,3,5,6,8,9, ...). Each AC Jacobian matrix J,. (w)
can be partitioned as

Jaa (@) Ju(wh)] | 429

J (w) =
o [J21 (@) Yo ()
where J i, () U C3K > 3K represents the portion of the Jacobian corresponding to the
derivative over the semiconductor domain (i.e., derivatives of the semiconductor
equations (4.28) with respect to the semiconductor state variables), while
Yo (@) O CE*E represents the admittance matrix of the circuitry surrounding the
semiconductor device. The remaining two sub-matrices represent the coupling between
the circuit and semiconductor domains, taking on the dimensionalities
I, (@) OCK*Eand ], (w,) OCEX3K,

Because the derivative operator in the time domain equations (4.28) varies linearly
with frequency (i.e., d/dt - jw), the drift-diffusion sub-matrix J 4 (w,,) varieslinearly
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as wy, is varied. The circuit sub-matrix Y, (0,) , on the other hand, can vary quite
rapidly with frequency when, for example, the external circuit network contains high-Q
resonant circuitry or filters with sharp transitions. A key observation is that the
dimensionality of the circuit sub-matrix is rather small (typically 3 x 3 or less), while the
dimensionality of the drift-diffusion sub-matrix is very large (typically in the thousands).
To efficiently factor the H + 1 matrices J_. (wy,) in the presence of tightly-spaced bands
of harmonics (Figure 4.3), we make the approximation

Jgq (@) Iy (wp)
I1 (@) Yoy (@)
where the frequency d)h represents the center of the “band” containing w,,. In general,
the number of such bands is P+ 1 — much smaller than H + 1, the total number of
harmonic balance frequencies. The large drift-diffusion portion of the Jacobian need only
be stored at these P + 1 band frequencies, while the small circuit portion can be stored at
al H+1 frequencies very cheaply. Dramatic reductions in memory usage and
improvements in factorization speed result as a consequence.

The actual factorization of (4.30) is accomplished by standard block-LU factorization
algorithms. A block system of the form

bl] (4.32)

A Al %] _

A1 Al X2 b, .
can be solved by defining the Schur complement matrix S = A,, —AZlAIIAlZ, and then
obtaining the solution as

I (o) = (4.30)

_ 10 -1, O

Xy = S by~ Ay Ab A (4.32)
o -1

Xy = Appby —AARX,

When applied to solving a sequence of H +1 matrices J,.(w,) , the lion’s share of the
CPU and memory resources is taken up by the need to factor and store P + 1 large sparse
matrices J 4 ((I)h) , corresponding to A, in the notation of (4.31) above. The cost for
storing and factoring H + 1 Schur complement matrices Sis negligible in our application,
given the small size of the surrounding circuit network.! Storage of the H + 1 rectangular

. -1 1. . . :
matrices A;; A, and A, A, 7 islikewise small in comparison.
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To illustrate the large advantage to be gained through the use of sectioned
preconditioners in multi-tone device-level HB simulation, we offer an example. Consider
the high-Q single-BJT mixer configuration (Figure6.12) which will be more fully
discussed in Section 6.3. For good accuracy, the two tone mixer simulation should be done
at adiamond truncation order of P=10, which corresponds to H=110 harmonics. Although
the BJT mesh is relatively small by semiconductor device simulation standards (704
interna grid points, and N = 2114) the size and density of the Jacobian is such that
utilizing non-sectioned preconditioning is prohibitive. The memory reduction obtained by
using the sectioned preconditioner is even more significant for devices having larger mesh
sizes. Figure 4.4 shows the preconditioner memory usage as a function of the truncation
order P for both the sectioned and non-sectioned cases, while Figure 4.5 shows the
GMRES convergence behavior in factoring the Jacobian at the solution point. The
relatively modest decrease in the linear convergence rate is more than compensated for by
the large memory reduction that is obtained. The decrease in preconditioner factorization
time typically compensates the slight increase in the number of linear iterations. For linear
solutions in the context of Newton’s method, relative residual accuracies tighter than 10°3
arerarely caled for, and Figure 4.5 shows the convergence behavior past this point merely
for the sake of completeness.

1. External linear networks with large numbers of internal circuit nodes are collapsed into much
smaller admittance matrices, having a dimensionality corresponding to the number of transistor ter-
minals connected to the linear network.
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4.3.3 Other Preconditioners

The preconditioners discussed in the preceding sections are effective for awide range
of harmonic balance device simulation problems. There are two possible paths to follow
for further improving their performance. In the low distortion regime, special-purpose
matrix solvers geared specificaly to the form of the drift-diffusion equations can be
employed to reduce the memory requirements necessary for preconditioner storage [58].
In practice, however, because the sectioned preconditioner storage requirements are
already relatively low, this approach is truly useful only in the case where the spectrum is
such that a very large number of sections exist. This does not typically occur in
semiconductor device simulation.

A far more useful improvement to the preconditioner is to incorporate additional off-
diagonal elements in the harmonic balance Jacobian blocks. This is crucia to solving
some highly nonlinear problems — indeed, as Section 4.6 will discuss, the block-diagonal
preconditioner is typically adequate only up to gain compression levels of a few dB.
Block-oriented incomplete-factorization solvers based on the techniques presented in
Section 3.5.3 have been devel oped to incorporate some off-diagonal Jacobian stripes on a
block-by-block basis [58], and have been used with some success in the context of circuit
and small device ssmulation problems. However, because of the large Jacobian sizes and
densities encountered in mainstream semiconductor device simulation examples, the
methods developed by us to date have thus far fallen short of being practical. Clearly,
more work is called for in this area.

4.4  Further Memory Reduction Strategies

44.1  Approximate Compact Spectral Storage

We saw in Section 4.2 that carrying out matrix-vector products involving the HB
Jacobian requires storing 2S samples
a&(t) 0<s<2S-1 (4.33)
ox. ST T '
at the structurally non-zero Jacobian entries (n, m) over the semiconductor device domain.

For large numbers of harmonics H, this storage cost can become quite substantial. As an
example, typical ““medium-size” meshes used in thiswork contain about 50,000 non-zero
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Jacobian entries! prior to factorization. For a two-tone harmonic balance analysis at 100
frequencies, the memory cost of storing the samples (4.33) is amost 80 MB. For an
analysis at 200 frequencies, the cost is amost 160 MB. Although this cost is bearable
given the memory capacity of modern workstations, it nevertheless makes sense to
examine algorithms for reducing the af orementioned memory usage.

Consider the set of samples

)\—agnt 0<s<2S-1 4.34
s_m(s)’ SSS co- (4.34)
along with their Fourier transform
25-1 o
_ 0 21
A=y )\SexpDZS+2Eh%, 0<hs<s. (4.35)
s=0

Ordinarily, the set of all 2S time domain samples A  is stored. The key to reducing
storage requirements is to note that the spectrum A, of these samples is quite sparse for
most Jacobian entries (n, m). This sparsity comes about because of the relatively low
levels of harmonic distortion in many regions within the device. By Fourier transforming
the samples (4.34), discarding those Fourier coefficients that fall below a certain
threshold, and storing the remaining coefficients, an accurate approximation of the
original Jacobian isretained. To perform matrix-vector multiplications during the GMRES
process, the stored spectral coefficients are inverse-FFT’ ed into the time domain element-
by-element, at which point the algorithms of Section 4.2 can be applied.

An important consideration in implementing the above memory reduction scheme is
determining the proper threshold for sparsifying the spectral samples A,. Choosing too
high a threshold will result in an inaccurate Jacobian, and thus a degradation in the rate of
convergence. Choosing too low a value will result in very little sparsification of the
spectrum, thus negating the benefits of the approach. For this work, the following simple
heuristic has shown itself to be effective. Given a spectrum A, , the threshold €, . is
chosen to be

1. Inactuality, many industrial users employ much larger mesh sizes.
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[l 0
_ O No* org]r?;(HAhD
€thresh = rnaXEﬁmin' €rel ———2——_D (4.36)

and all values A, such that Ay <e, o, are discarded and effectively approximated as
zero for the matrix-vector multiplies to follow. The purpose of the €, parameter is to
discard spectral components that fall below a certain “dynamic range.” For instance,
typical values of 10_4 to 10_5 would ensure that spectral components that are 80-100 dB
down are viewed as being insignificant to the accurate representation of the time domain
waveform samples A .. The € .~ parameter ensures that spectral components that fall
below a certain absolute value (say, 10 ) arediscarded as ‘“* noise’” which is unimportant
to the overall Jacobian representation. For example, a set of spectral components that
range in value from 107 to 10°%" would all be included if only the relative dynamic
range criterion was used, even though the Jacobian entry could very accurately be
represented by zero for typical device problems.

An additional consideration in invoking the compact spectral storage option is the
penalty in CPU time for carrying out the inverse FFT operation for each Jacobian entry
during each matrix-vector multiplication. As shown in Section 4.2, 2N FFT operations'
are necessary for each Jacobian-vector product when standard (time domain) storage is
used. When spectral representations are utilized, however, an additional inverse FFT must
be performed during each such Jacobian-vector product for every non-zero Jacobian entry.

Before concluding the section, we point out that a very similar memory reduction
scheme was proposed in the context of circuit simulation by Long et a. [41]. The
techniques presented above were developed independently, and implemented in our
simulator before publication of the aforementioned work.

4.4.2 Approximate GM RES Vector Storage

Another potentially large source of memory consumption is the storage of the Krylov
subspace basis vectors (for Gram-Schmidt GMRES) or Householder reflection vectors
(for Householder-Arnoldi GMRES). For a simulation problem having a million
unknowns, each such vector would occupy 8 MB of RAM if standard double-precision

1. Actualy, N FFT operations and N inverse FFTs.
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storage was used. Thus, for arestart value of 10, about 80 MB of additional storage would
be required. While this may not seem like much relative to other storage requirements
inherent in HB device simulation, it is neverthel ess significant.

The memory usage associated with the GMRES vectors can be reduced by following
an approach similar to the one taken in the previous section [41]. It turns out that the
GMRES vectors in both the Gram-Schmidt and Householder variants are numerically
sparse, and that convergence rates are not significantly affected by discarding entries
below a certain threshold. Furthermore, Long et al. [41] have observed that the vectors can
be stored in single precision without adversely affecting the quality of the linear solve.

The GMRES sparsification option was implemented in our simulator. We have
noticed, however, that for some ill-conditioned semiconductor device simulation
problems! the threshold must be set far lower than the value of 10°® suggested in [41].
Conseguently, we' ve made the decision that the benefits gained are not worth the extra
heuristics inherent in having a user-specified threshold parameter. While the option is
available, we discourage its use until such time as the code is improved to remove the
source of potential ill-conditioning. Storing the GMRES vectorsin single-precision format
does seem to work well even in the ill-conditioned case, and use of this option (without
sparsification) is encouraged.

44.3 Impact of Memory Reduction Strategies on Performance

Given the size and density of the device-level Jacobian, using the reduced
preconditioner of Section 4.3.2 iscrucial for efficient analysis of large two-tone problems.
However, employing the additional memory reduction techniques of the preceding two
sections can be quite beneficial aswell. We quantify these choices by applying them to the
high-Q single-BJT mixer example of Section 6.3 for an analysis at H = 110 harmonics,
which corresponds to an HB problem with 467,194 unknowns.

Table 4.1 shows simulation results when the various memory reduction options are
turned on or off. The Jacobian memory reduction utilized an € of 10*. The GMRES
memory reduction option simply switched between single and double precision storage of
the GMRES vectors, without actualy sparsifying them. From the results below, it is

1. Theill-conditioning can arise from the small resistors that some mixed-level circuit/device
PISCES variants insert in series with each terminal.
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Sectioned Jacobian .GM RES Memory . . ,
memory | single prec. Simulation Time
precond . Usage
' reduction storage
yes yes yes 159 MB 95 min. 27 sec.
yes yes no 179 MB 91 min. 45 sec.
yes no yes 199 MB 64 min. 54 sec.
yes no no 219 MB 64 min. 11 sec.
no no no 413 MB 70 min. 50 sec.

Table 4.1 A comparison of simulator performance under various memory
reduction options.

apparent that usage of the sectioned preconditioner yields the biggest memory savings (a
full 194 MB), while also speeding up the ssimulation by about 10%. (The computer used
for the benchmark had 900MB of RAM; the speed-up obtained would be much more
significant on machines with, say, only 250MB of RAM available.) Using single-precision
GMRES storage saves an additiona 20MB, without any noticeable loss in speed.
Invoking compact Jacobian spectral storage saves an additional 20MB, albeit at a 50%
performance penalty.

We point out that slightly over 40MB of memory is used by the static arrays in the
Fortran-based core PISCES code. The harmonic balance module itself allocates anywhere
from under 119MB with all memory-saving options turned on to 373MB with all options
disabled. Before concluding this section, we mention that the memory reduction dueto the
sectioned preconditioner is more dramatic for larger devices, and that the reductions seen
in Jacobian memory usage are more significant as the number of harmonics is increased
and/or as the input power level is decreased. In this particular example, the BJT has no
source resistance, and is driven by alocal oscillator sinusoid with a 0.7V DC bias and a
0.15V amplitude.

4.5  IterativeLinear Solversin the Newton Loop

Recall that the Ith iteration (1 = 1) of Newton-Raphson applied to (3.60) is

I-1)

x B = x =D L aAx D (4.37)



Iterative Linear Solversin the Newton Loop 97

(M

where AX " isthe solution of the linear system

Pk Y mx® = pex (75, (4.38)
If the equation is solved to infinite precision, and if the nonlinear system F (X) = 0

satisfies certain (commonly encountered in practice) conditions [24], then the convergence
isquadratic for initial guesses which are arbitrarily close to the solution. In finite-precision
floating point arithmetic, however, there will always be some error in solving the linear
Newton update equation. That is, the absolute and relative errors

e = [P X Pmx ) +Fix (4.39)
€ s ||F'B><("1)me(') +FE><('_1)E||
frel = (4.40)
rel ||FE><(I_1)E” ”ng(l—l)gn

will in practice aways be non-zero, regardless of whether direct or iterative methods are
used to solve the linear system.

Given that some level of error during the linear solve is unavoidable, it is prudent to
study its effect on nonlinear convergence regardless of whether direct or iterative methods
are employed. With iterative methods, however, the subject becomes particularly
significant, because there is an important trade-off to be made. On the one hand, a
particular implementation could choose to take many iterations during the linear stage,
solving (4.38) to a high degree of accuracy in the hope of minimizing the number of
nonlinear steps (4.37). On the other hand, it is concelvable that such an implementation
would “over-solve” the linear system — that is, solve it to a much higher degree of
accuracy at every nonlinear step than is necessary to assure adequately sharp nonlinear
convergence. Because the linear solution time often dominates the overall CPU time,
oversolving can lead to serious inefficiency. Consequently, Newton methods relying on
iterative linear solvers make use of a sequence of “forcing terms” n satisfying

0O<n, <1, (4.42)
During the Ith Newton-Raphson step, the linear problem is solved to arelative tolerance of
sr(e'l) <n, —ie,

[Fex P mx O +rex Vg <, drex V). (4.42)
Ideally, the sequence of forcing terms must be chosen to yield a good compromise

between spending an excessive amount of time in the linear phase and spending an
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excessive amount of time by taking too many nonlinear Newton steps. Furthermore, a
critically important question arises. what level of accuracy is necessary in the linear
solution step to prevent flat-out divergence of the Newton-Raphson process?

To lay the groundwork for further discussion, and to partially answer the preceding
question, a pair of theorems from [52] are introduced. Suppose that X[ is the solution
point! (i.e, F (XD = 0), and that the initial iterate is X(O) very close to the solution
XU. Define the error at the Ith iteration as

|
g =[x —xt. (4.43)
Then, under assumptions which are in practice met in our work,
nu
<K _teQme (4.44)

for some positive constant K. We immediately see that for the case where € , = 0 (i.e,
no error in the linear solve),

g <Ke ., (4.45)
and so the convergence is quadratic. For a finite value of (), linear (or possibly
superlinear) convergence will be obtained if the condition KHel_ 1+g|r(e'|)H<l is
satisfied. In general, however, even linear convergence cannot be assured using the
Euclidean norm of (4.43). [51]

Somewhat surprisingly, however, the constraint (4.41) does guarantee at least linear
convergence if the error is monitored in the weighted norm

g0 =[xV -xd. = |FxD x @ —xc, (4.46)

and if the forcing terms don’t accumulate at unity (i.e., if there exists n . <1 such that

O<r]I <r]max

guesses close enough to the solution, convergence will be obtained even for a very

). This result is significant because it provides assurance that for initial

“loose” sequence of forcing terms. Although quadratic convergence of the outer Newton
loop may be logt, linear convergence in the weighted norm will always be obtained.

Furthermore, because
Fex V= F (x0 oix P —xcH (4.47)

1. Inthe context of thisdiscussion, the ‘*’ symbol should not be confused with conjugation.
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by Taylor’s theorem, we see that linear convergence of the error in the weighted norm
h4 %6; ( I|)s |(|aquwal ent to linear convergence of the residua in the Euclidean norm

In practical implementations of the inexact Newton method, the forcing sequence n,
is chosen such that the tolerance is relatively loose during theinitial portion of the Newton
solve, where convergenceistypicaly slow. Asthe Newton method proceeds, the tolerance
is tightened as a function of the decrease in the nonlinear residual. Ideally, the forcing
terms will be small enough to ensure quadratic convergence toward the latter part of the
iterative process. In our work, we use a variant of the technique presented in [51][52].
Initially, aforcing term of ny = n ., <1 isused. Subsequently, the forcing sequence is
adjusted according to the formula

O Y
% min' M D”FEX“_DD”Z’ max%

The constants 0<n . <N, <1 arechosen to bound the forcing sequence and prevent
under- or over-solving. In between these upper and lower bounds, the equation (4.48)
attempts to reduce the forcing terms gradually as the Newton residual drops during the
nonlinear solution process. Typical constants used by the simulator are n .. = 10
Nmax = 01, andy = 0.9.

(4.48)

46  Convergencelssues

The harmonic balance algorithm is very fast, efficient, and robust for problems with
low input power levels. As the power levels are gradually increased, harmonic balance
requires more memory (since the number of harmonics due to distortion increases) and
more Newton iterations to reach convergence.X A much more serious problem that occurs
when Krylov subspace methods are employed is the appearance of strong off-diagonal
elements within the HB Jacobian blocks. Because these are not accounted for by the
block-diagonal preconditioners of Section 4.3, GMRES converges at a slower and slower

1. Source stepping or arc-length continuation must be used, with RF input power as the continua-
tion parameter.
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Figure4.6  Three device configurations to illustrate when harmonic
bal ance convergence problems can occur. The two leftmost
configurations will not exhibit convergence difficulties. The
rightmost configuration may, if the input RF power islarge.

rate as the level of distortion is increased. Eventually, convergence can become so slow
that the code cannot complete the simulation within a practical amount of time.

The discussion of the preceding paragraph would seem to imply that convergence
difficulties will plague any harmonic balance device simulation when the nonlinear device
is driven hard enough. Somewhat surprisingly, however, this is not the case. We have
found, for example, that diode simulations can be carried out to absurdly high levels of
rectification without any convergence problems. Similarly, simulations of bipolar
transistors that don’t saturate® are likewise easi ly handled for extremely high values of RF
input power. Unfortunately, all practical transistor configurations are subject to some
loading on the collector. If this load is such that the RF voltage swing on the collector
node causes the device to enter saturation during some portion of the period, convergence
degradation can result.

Consider the three device configurations in Figure 4.6. As discussed in the preceding
paragraph, neither the diode circuit (left) nor the non-saturating BJT arrangement (center)

1. Or, equivaently, MOSFETSs that don't enter the triode region.
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will have any convergence problems, even for very large driving voltages. As an example,
we show the simulated response of a diode structure to an input sinusoid of the form

V = (0.8V) sin (wt) (4.49)
in Figure 4.7 below. The harmonic balance code had absolutely no problems converging

x10°

Amps/um

I I I I
0 05 1 15 2 25
sec -6

Figure 4.7 Steady-state time domain diode current in response
to a0.8V driving sinusoid. The results were
computed with the harmonic balance PISCES
device simulator.

on this extremely nonlinear example. Exactly the same type of robust convergence
behavior is observed when bipolar transistors are driven by large-amplitude RF signals, so
long as the collector voltage is fixed and the device is not allowed to saturate.

In practical amplifier configurations, the collector is attached to a non-negligible load.
For instance, consider the rightmost circuit in Figure 4.6. It turns out that for situations
such as this, the Krylov solver in the harmonic balance code will experience convergence
degradation as the amplifier is driven into compression. As the input RF amplitude is
increased, the swing of the collector voltage will increase aswell. Eventually, the BJT will
be in saturation for a portion of the period. We have found that the GMRES convergence
will degrade as the amplifier exhibits more and more gain compression. Typically, the
harmonic balance code will ssmulate to the 3dB compression point relatively easily, and
have some difficulty beyond that point. We have, however, smulated gain compression
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levels up to about 10dB in some industrial-grade examples (see Figure 6.14 on page 125,
for instance). The various convergence issues are not yet fully understood by us; in
particular, it is not entirely clear why some strong nonlinearities (such as diode junctions)
can be simulated so easily, while others (amplifiers in compression) seem to cause quite a
bit more difficulty. Clearly, further study is called for here.

47  Summary

The algorithms presented in this chapter make device-level harmonic balance analysis
feasible on standard desktop workstations. GMRES, a Krylov subspace solution technique
for linear systems, is used to solve the large matrix problems arising from Newton-
Raphson iteration. Techniques for compact storage of the harmonic balance Jacobian are
discussed, and algorithms for efficient computation of matrix-vector products involving
the HB Jacobian are presented. After discussing standard block-diagonal preconditioners
already used in circuit-level harmonic balance, the chapter proceeds to develop one of the
main contributions of this thesis — the sectioned preconditioner, which is crucial to the
efficient ssimulation of multi-tone device-level HB problems. Further memory reduction
techniques based on frequency domain sparsification of the HB Jacobian samples are
examined, along with sparsification and single-precision storage of the GMRES vectors.

After abrief overview of some heuristics associated with inexact Newton methods, a
few comments on simulator convergence issues are given. In general, diode nonlinearities
and forward-active BJTs simulate very well, even for extremely large levels of distortion.
Amplifiersin compression, partialy saturated BJTs, and MOSFETs whose operation takes
them into the triode region have more convergence difficulties for large input powers.
Gain compression levels of severa dB arereadily simulated, and although some examples
continue to converge well for gain compression levels up to 10dB, others begin to have
convergence difficulties when the 3dB compression point is reached.



Chapter 5

Competing Approaches

The preceding chapters have provided a detailed description of the harmonic balance
algorithm, with most of the emphasis placed on Krylov subspace solution methods used in
conjunction with the Newton-Raphson technique. In this chapter, we provide an overview
of two competing simulation algorithms that are useful for analyzing nonlinear systems
under large-signal drive. Although both algorithms have certain advantages over harmonic
balance, they also have weaknesses which make them less suitable for many device-level
simulation problems.

The first agorithm considered is circuit envelope, developed by Sharrit [59][60] for
analyzing nonlinear systems in the presence of modulated sinusoids. Unlike harmonic
balance, envelope is not a steady state analysis. Rather, it captures transient behavior in
the presence of modulated carrier signals by expressing the state vector as a sum of time-
varying phasors. It is idea for ssmulation of phase lock loops, automatic gain control
circuits, and digital communication systems. At the single-device (physics-based) level,
however, its application is somewhat more limited.

The second competing algorithm discussed in this chapter is the matrix-implicit
shooting method developed by Telichevesky, Kundert, et al. [65]. The shooting method is
a steady state time domain simulation technique that, unlike harmonic balance, is very
robust even in the presence of extremely nonlinear behavior. Its chief disadvantages
relative to harmonic balance are its inability to economically handle true large signa

103
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multi-tone inputs at widely spaced or incommensurate frequencies, along with its
difficulties in handling convolution-based distributed linear components.

The chapter concludes with a comparison of the strengths and weaknesses of transient,
harmonic balance, circuit envelope, and shooting method algorithms. We point out here
that in the course of this work only harmonic balance was actually implemented in the
PISCES-| device simulator.> Consequently, our comments regarding the other algorithms
are of necessity somewhat speculative in nature, and should in the future be verified in
actual implementations.

51 Envelope Simulation

The harmonic balance algorithm is based on representing the state variables as sums of
sinusoidal basis functions. A direct consequence of thisfact is that harmonic balance may
be a sub-optimal algorithm for systems whose response is not most naturally expressed as
a sum of sinusoids. For example, in applications where digitally modulated signals are
present, the response vector is perhaps more effectively expanded in basis functions of the
form

U RACLUCLS (5.)

where the envelopes X, (t) represent modulation on top of “carrier” sinusoids at
frequencies w,,. Furthermore, in some situations, the designer may be interested in
capturing transient behavior of systems containing modul ated carriers.? Because harmonic
balance is inherently a steady state simulation technique, it is by definition unsuitable for
such applications. In this section, we present a brief overview of the circuit envelope
simulation algorithm [59][60] devel oped to handle such problems efficiently.

511 Envelope Representation in the Presence of Nonlinearities
Before proceeding with a description of the circuit envelope algorithm, we first
analyze what happens when a signal with an envelope representation is processed by an

1. The simulator already had standard transient analysis capability, however.

2. Examples of such application areas include analysis of automatic gain control circuits and simu-
lation of capture transients in phase-locked loops.
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algebraic nonlinearity. This approach is consistent with our previous treatment of
harmonic balance, and is taken here to simplify subsequent algorithmic development. For
notational convenience, the carrier frequencies w, will be assumed to all be multiples of a
single fundamental w,, and only a single-variable (i.e., single-node) system will be
considered. Extensions to non-harmonically related frequencies and multi-node systems
are straightforward given the algorithms developed in Chapter 3.

Recall that Section 3.3 presented transform algorithms for obtaining the waveform
generated by quasiperiodic signals passing through purely resistive (i.e., algebraic)
nonlinearities. Following along the same lines, consider the waveform that results when
the envelope-based signal

H

0 0
x(t) = De%z X, (t) exp (jmht)g (5.2)

is processed by some well-behaved algebraic nonlinearity g (x (t)) . Assuming that the
envelope coefficients X (t) = [Xy(t), X, (1), ..., X ()] T are known, let us define the
function

H

~ D . D
X(X(1),1,) = De%hz X, (1) exp (thTz)E (5.3

and note that x (t) = X (X (t),t) . Now consider the function g (x (X (t,),T,)) . If T,
is held fixed while samples are taken along the 1, axis, we can compute Fourier
coefficients

2H +1
_ 2T[hSD] D 21hs [J
Gp (X (1) = 2H+2 Z IR (T, ' 2H + 2.0P0 2 20 (54)
such that, by the Fourier Transform Theorem, the relationship
g - 0
g(X(X(19), 1)) = Deg Z G, (X(1y)) exp (jwhrz)g (5.5)

is satisfied. The approximate equality above is due only to aliasing, and becomes exact if
the order H islarge enough to make aliasing effectsinsignificant. By setting 1, = 1, = t,
recalling that x (t) = X (X (t),t), and ignoring aliasing, we see that (5.4) - (5.5) imply
that g (x(t)) = g(X(X(t),t)) canbeexpressed in the envelope representation as
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H

O O
x(t)) = Oel Gy, (X (1)) exp (jw, H)U , 5.6
g(x(t)) DZ h (X (1)) exp (] h)D (5.6)
where the envel ope functions are computed by the transform
2H+1 orth orth
T S[I] D TiNS [
G (X(V) = 2H+2 Z I (0. 5773 5 0P op 3 57 ®7)

To recap and clarify the treatment in this section, the key points are summarized in this
final paragraph. Suppose we are given awaveform
H

0 0
x(t) = De%hZoXh (1) exp (o, )5 (5.8)

with known envelope coefficient functions X (t) = [X,(t), X, (1), ..., X, (V)] T and
carrier frequencies w, . When this waveform is processed by some algebraic nonlinearity
g(x(t)) , the resulting waveform can be expressed in the envelope representation (5.6).
Furthermore, the time-varying envelope coefficients G (X (t) ) can be computed at each
time instance through the Fourier Transform relation (5.7).

512 The Circuit Envelope Algorithm

Having established the behavior of envelope-based signalsin the presence of algebraic
nonlinearities, we now present the circuit envelope algorithm for solving the prototype
circuit/device equation

g (x(1) +Sa(x (1) = w(y (59)
when w (t) isastimulus of the form
w(t) = th(t) exp (jwyt) . (5.10)

When the state vector x (t) is expanded into the envelope representation (5.2), both
g(x(t)) and g(x(t)) assume the envelope form (5.6) by the discussion of the
preceding section. Inserting thisinto the constitutive equation (5.9) resultsin

ZGh(X(t))eXIO (joopt) +dthQh(X(t))eXD (joopt) = ZWh(t) exp (jwpt) (5.11)

or equivalently
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Z [G (X (1) + Q' (X(1)) +jw,Q (X (1) —W (D] exp (jwpt) = 0. (5.12)

For notational simplicity, define G(X(t)) = [Gy(X (1)), ...,Gy (X (1))] T with
analogous vector definitions for Q (X (t)) and W (t) . To solve the system (5.12), we
must thus solve the system of ordinary differential equations

G(X(1) +Q (X (1)) +QQ(X(1)) = W(1). (5.13)
for the waveform envelopes X (t) . Asin ordinary transient analysis, the system of ODEs
can be readily converted into a system of algebraic equations by applying finite-difference
methods. For example, using the Backward Euler method, we obtain
Q(X(t)) —Q(X(t,_,))

be—te_1

Thisis a system of harmonic balance equations which can be solved for X (t,) at every
time step t, . Theinherent advantage of the envelope approach is that the time step spacing
t, —t,_4 needonly be small enough to resolve the envelopes around each carrier, without
regard to the actual values of the carrier frequencies themselves. The harmonic balance
algorithms developed in the preceding two chapters apply directly to the solution of
(5.14).

G(X(t)) + +QQ(X(t)) = W(t) . (5.14)

5.1.3  Application to the Semiconductor Device Simulation Problem

Semiconductor device designers who develop transistors for power amplifier
applications are typically most interested in the amplifier’s response to modulated signals.
In particular, as adoption of digital modulation schemes for wireless communication
systems gains momentum, there is an increasing need to simulate the amplifiers using
realistic digitally modulated inputs. While the single- and multi-tone harmonic balance
capability presented in thiswork can be quite useful for semiconductor device design, itis
not truly applicable to the computation of several important quantities that arise in the
context of digital modulation. For example, akey concern is the spectral regrowth caused
by amplifier nonlinearities. The adjacent channel power ratio (ACPR) [61] is a quantity
which measures the extent to which distortion causes the spectral power in one channel to
spill over into another. As we discuss below, this computation is currently beyond the
reach of the harmonic balance device simulation algorithms presented in this work.



Chapter 5 Competing Approaches 108

Let’'sassume a (relatively typical) modulation format with a1 GHz carrier and 30 kHz
channel spacing. It has been shown [61] that a spectral resolution of roughly 50 Hz is
desirable for accurate computation of ACPR. To include the ratios for both the lower and
upper channels, a total simulation bandwidth of 90 kHz (3 channels) is required around
the carrier. Thus, 18,000 spectral lines per carrier harmonic are necessary. If compact
transistor models were to be used, such simulations could be readily carried out with
Krylov-based harmonic balance algorithms. In physics-based semiconductor device
simulation, however, where time domain problem sizes typically range from 3000 to
10,000 unknowns, attempting a direct harmonic balance analysis would result in a
problem size of hundreds of millions, if not billions, of equations. Simply storing the
solution vector or the right hand side residual would require Gigabytes of RAM. Clearly,
such an approach would not be practical.

The envelope analysis technique could in theory be applied to the above problem,
though in practice the simulation times would be prohibitive. Because there are 18,000
spectral lines within the **envelope” around each carrier frequency, at least 18,000 time
samples would need to be taken. Assuming that the harmonic balance analysis at each
time step takes about 5 minutes! (the number of HB harmonics would now be relatively
small), it would take roughly 63 days to compute a solution, even though the memory
requirements would be quite modest. Without resorting to supercomputers or parallel
machines, solution of such problems is beyond the scope of current capabilities.

5.2  The Shooting Method

Recall that three key strengths of harmonic balance relative to standard time domain
methods are its ability to directly capture a system’s steady state response, its insensitivity
to spectral tone input spacings, and its efficient handling of distributed linear components.
A weakness of harmonic balance relative to time domain methods isits potentially poorer
handling of strongly nonlinear responses that are difficult to represent efficiently with
sinusoidal basis functions. The shooting method [63][64][27] is atime domain simulation
technique used to directly capture the steady state response of nonlinear systems. Unlike

1. Thisisin fact somewhat optimistic in the context of device simulation.
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harmonic balance, it relies on numerical integration in the time domain, and is very robust
for extremely nonlinear problems. Unfortunately, its reliance on time domain integration
means that the shooting method suffers the same drawbacks as standard transient analysis
with regards to handling multi-tone inputs with very narrow or very wide frequency
spacing, and with regards to simulating systems containing convolution-based distributed
passive components.

521 TheBasic Algorithm
Consider once again the equation

g (x(1) +Sa(x () = w(), (5.15)
where w(t) isadriving function of period T. The periodic steady state solution must satisfy
the governing equation (5.15), along with the two-point boundary condition

x(T) =x(0) = 0. (5.16)
Asin Section 2.5, the time axis can be discretized over a given period into a collection of
points ty, t whereinthiscaset; = 0 and t,, = T. A suitable discretization,

L, t
] 1 H ] M 1
such as the Backward Euler scheme

q(x(t,)) —a(x(t,_q))
= tmo1

allows us to compute the solution points x, . = x (t_) for mranging from 0 to M. For a

one-step method, a given point x . for m> 0 is afunction only of the preceding point —

e, X, = ¢m’m_1(xm_1) . In general, any solution point x . can be viewed as a

function of theinitial guess X

g(x(ty)) + w(t) =0 (5.17)

Xm = 00 (X0) (5.18)
The goal of the shooting method isto find avalue of x, such that (5.16) is satisfied. Inthe
context of the preceding discussion, this means that we must solve the nonlinear algebraic
problem
bpo(Xg) =% = 0. (5.19)
The function ¢ is sometimes referred to as the state transition function.
In classical implementations of the shooting method, (5.19) is solved by using the
Newton-Raphson algorithm with direct LU factorization. To obtain the analytic form of
the relevant Jacobian, the chain rule can be used to obtain
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do dxy, dx dx dx,
MO _ = - M ! M=1p., Dd (5.20)
dx dx Xp—1 IXp_o Xg

To obtain each of the intermedl ate derivativesin the product above, we differentiate (5.17)
with respect to x ., tofind that

. L () g (xy_p)0 (5.21)
g (x + "(X) 7——0q' (X, _ =0, 521
mWdx o, to-t. 00 T ™dx m-1']
or equivalently

dx, 1
The shooting Jacobian may now be written in product form as

dq)MO

|‘| [ (=t O )+ (] 70 (X ) (5:23)

Like the standard transent Jacobian, the shooting matrix has dimensionality N x N.
However, standard transient Jacobians are sparse, because the derivative matrices g' (X .)
and g' (x,,) are sparse. The shooting Jacobian, on the other hand, is structurally dense,
since the product of the inverses of sparse matrices is in general structurally dense. The
cost to assemble and factor d¢,,,/dx, is very expensive when compared to the
factorization of conventional transient Jacobians — afact that makes the shooting method
with direct LU factorization impractical for large problems.

522 TheMatrix-Implicit Variant

To apply the shooting method to large problems, a matrix-implicit variant of the
algorithm was developed [65]. Krylov subspace algorithms are used to solve the linear
matrix problem involving the shooting Jacobian, and the dense matrix is not be explicitly
computed or stored. As in this work, GMRES is used as the solution method of choice.
The authors report order-of-magnitude improvements over non-matrix-implicit shooting
methods for moderately sized (< 400 nodes) circuit problems.

One serious drawback, present even in the matrix-implicit algorithm, is the large
amount of storage required for simulation. To carry out the matrix-vector products needed
by GMRES, the (sparse) factored Jacobian
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(t =t 9" (X)) +a' (x) (5.24)
along with the capacitive matrix ' (x,) must be stored in memory or written to disk at
each time point m. Once this has been done at each time point of the shooting interval, the
GMRES matrix-vector products can be computed efficiently as

M
Oy = [ [ty 8 )+ ()] 0 0y ) V(529
dXO 11 m ‘m-1 m m m-1

The products ' (x,_4) OV can be carried out quickly because of the sparsity of
q' (X,,_1) - Theremainder of the operation can be accomplished by backsolving with the
factored matrices (5.24) residing in storage. As a point of comparison, we remark that a
device simulation problem with a10 MB DC Jacobian would require over a GB of storage
if 100 time points were used over the shooting period.

523 Strengths and Weaknesses

When compared to harmonic balance, the shooting method's biggest (and perhaps
only) appeal liesin its robust behavior for highly nonlinear problems. Unlike the Krylov-
based harmonic balance technique, where high levels of nonlinearity cause the HB
Jacobian to lose its diagonally dominant form and become difficult to precondition, the
shooting method is not particularly sensitive to high levels of distortion. This can be akey
advantage for some highly nonlinear applications.

In our attempt to develop a steady state solver for device-level applications, however,
time domain shooting appears, on the whole, to be a less satisfactory technique than
harmonic balance. One serious drawback of the shooting method is its inability to
adequately handle large signal multi-tone inputs. For instance, consider applying a two-
tone distortion test to a bandpass amplifier, where the two tones have equal amplitude and
are spaced 30 kHz apart around a1 GHz center frequency. The shooting period in this case
would be 0.2 ms, whereas the time step would need to be well under 1 ns. Clearly, the
million or so time points that are required by the shooting method for this type of
simulation are well beyond the capability of any desktop workstation. The harmonic
balance algorithms of the preceding chapter, however, are able to handle such problems
routinely. We should point out that in cases where the amplitude of one of the input tones
can be regarded as small-signal (as in the case of a low-amplitude RF mixer input, for
example) a large-signal/small-signal analysis on top of the shooting method [67][68] is
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available. However, in the common scenario where multiple tones are truly large-signal,
the analysis of this paragraph holds.

Another area where time domain shooting runs into difficulty is in the simulation of
distributed elements requiring use of the convolution integral y (t) [ x (t) . In addition to
the standard problems of passivity and causality> encountered by conventional time
domain simulators, the shooting method runsinto difficulties caused by the introduction of
each time point’s dependence on a potentially long past history. This dependence is
introduced by long impulse responses in y (t) , and, at a minimum, presents moderately
serious complications to the preconditioning scheme put forth in [66]. Harmonic balance,
of course, faces no such problems— indeed, it excels at handling arbitrary linear circuitry,
regardless of whether the associated impulse responses correspond to lumped or
distributed elements.

5.3 Summary

The choice between transient analysis, harmonic balance, circuit envelope, or the
shooting method depends on both the application and the problem to be simulated. In
some cases, a given method is simply inapplicable for the problem at hand. For example,
if a simulation of transient behavior is caled for, neither harmonic balance nor the
shooting method is applicable, because they’re both steady state analysis techniques. In
other cases, any of the four methods could be used in principle, although in practice their
use could result in prohibitively expensive or inaccurate simulations, or even serious
convergence problems.

The focus of this work is on large signal steady state analysis of semiconductor
devices for RF and microwave applications, and thus the four aforementioned simulation
algorithms are evaluated in this light. Table 5.1 presents a comparison illustrating the
strengths, weaknesses, and areas of application for the various techniques. In practical
terms, harmonic balance is the most realistic approach for handling multi-tone device-
level RF simulation problems with a moderate number of harmonics (i.e.,, a couple

1. Passivity and causality arise asissues when measured frequency domain datais used in transient
simulations.
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hundred or less). As we' ve seen, transient analysisis entirely unsuitable for the task, both
because it handles multi-tone inputs poorly, and because it requires lengthy integrations to
reach steady state. The shooting method is a very robust simulation technique that is
superior to harmonic balance in single-tone analysis of amplifiers driven into severe
compression (Krylov-based HB with standard preconditioners typicaly begins to have
some difficulties at 3dB of gain compression or so, although some amplifiers have been
successfully simulated at significantly higher levels of compression). Unfortunately, the
computational expense incurred for multi-tone shooting method simulation is thoroughly
impractical for physics-based device simulation.

Transient | Harmonic Circuit Shooting
Analysis Balance Envelope Method
Steady state solver? no yes no yes
Ability to deal with widely- poor excellent | excellent poor?
spaced carrier frequencies
Handling of highly excellent fair fair to excellent
nonlinear problems good
Handling of distributed poor to fair | excellent fair to poor
linear elements good
Ability to simulate highly poor fair to excellent poor
complex modulated signals good
Efficient periodic large-sig- no yes no yes
nal / small-signal analysis?

Table5.1

A comparison of simulation algorithms.

a. Assuming that the amplitudes are large-signal.

The important area of device-level simulation with digitally modulated signal inputsis
also beyond the reach of our tools at the moment. Clearly, the circuit envelope algorithm,
in conjuction with Krylov-based harmonic balance, brings the memory requirements
down to a reasonable level. It is not clear, however, that the resulting simulation can be
completed in a reasonable amount of time, and the envelope analysis was not
implemented in the course of this research. Future work in this area will no doubt shed
light on the practicality of such simulations.
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Chapter 6

Examples and Results

The harmonic balance device simulator developed during the course of this work has
been used to analyze a number of practical device structures from both industrial and
academic sources. Silicon bipolar, MOS, SOI, and diode devices have been simulated in
RF amplifier, mixer, and rectifier applications. GaAs MESFETSs for use in microwave
power amplifier circuits have been analyzed as well. In this chapter, these examples are
presented in conjunction with simulator benchmark data, and, where possible, comparison
with actual experimental results.

All simulation results reported in this section were obtained on an HP-J210
workstation with 190MB of RAM. The memory usage quoted in these examples includes
an additional 40MB of PISCES static arrays which are not used by the harmonic balance
engine. In principle, the memory usage quoted below could be reduced by 40MB with the
same algorithms applied to a suitably modified PISCES code. The two-tone simulations
guoted below were performed with sectioned preconditioners. No other memory reduction
features were turned on, as al the examples fit quite comfortably into the available RAM.

6.1 A GaAsMESFET Example

This example focuses on the design a GaAs FET amplifier with low levels of harmonic
distortion [7][2]. A key goa is the design of an impurity profile which keeps
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Figure 6.1 Cross-section of GaAs MESFET power device.
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Figure 6.3 Bird's eye plot of distortion in electron concentration
inside the MESFET of Figure 6.1.

transconductance constant and decreases the variation in gate-source and gate-drain
capacitances. In order to analyze this device and compare the simulated results with
measurements, the surrounding circuitry must be set up as in Figure 6.2. RF chokes and
blocking capacitors are present, along with 50 Q terminations on the RF input and output.
Parasitics surrounding the device are also included. A comparison between simulated and
measured data for a two-tone intermodulation distortion test is shown in Figure 6.4. For
this test, the two input tone frequencies were set to 400 MHz and 500 MHz, and their
power was swept from -30 dBm to 0 dBm under the bias conditions of Vgs=-2.5V,
Vgs = 3V. As can be seen from the figure, the agreement is quite reasonable. Several
single-tone measurements and simulations were performed as well, yielding agreement
comparable to the two-tone case. To examine the causes of distortion with aview towards
optimizing the device structure, plots of 2nd harmonic generation inside the device were
generated by the harmonic balance device simulator (see Figure6.3). By carefully
studying such internal distortion plots, industrial device designers were able to alter the
device structure to achieve improved distortion performance [70]. The interested reader is
referred to [7] and [5] for additional experimental comparisons and physical insight.

In carrying out simulations for this device structure, 952 grid nodes and 2 auxiliary
KCL equations were used, yielding a total time domain size of N = 2858. For single-
tone HB analyses using 15 harmonics(i.e.,, H = 15), thetotal HB system size was 88,598
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Figure6.4  Comparison between experimental measurements
and simulated results.

unknowns. Solution times varied from under 11 min. per HB analysis at RF source levels
less than 100mV, to about an hour near 1V. Total memory usage was 121MB.

A larger GaAs FET was analyzed under two-tone excitation to illustrate the code’s
effectiveness on large-scale problems. A two-tone RF input was applied (2GHz and
1.9GHz), with both tone magnitudes at 100mV. The device had 1406 grid points and two
auxiliary equations, for atime domain system size of N = 4220. For atwo-tone analysis
with H = 110, the total number of unknowns came to 932,620. Total execution time was
2hr. 8 min., with memory usage at 360M B.

6.2 Distortion Analysisof an SOI BJT

Figure 6.5 shows a Silicon-On-Insulator bipolar device, where the active region is
isolated by a 0.5um oxide layer. While the origina structure [71] has an n* floating
collector layer underneath the vertical npn transistor at the Si-SiO, interface, this structure
relies on the back gate (i.e. the substrate) bias to form a high electron concentration layer
at the interface. When the substrate bias is increased positively with respect to the emitter,
an electron accumulation layer is formed as shown in Figure 6.6. This high concentration
layer helpsreduce the transit time for electronsto cross the collector region asisevident in
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Figure 6.5 Power SOI BJT structure. The 3D rendering (top) is not to
scale. The 2-D cross-section (bottom) is oriented such that it
is consistent with subsequent contour and mesh plots.

Figure 6.7, where the cutoff frequency (f1) is plotted vesus the collector current density.
Theimprovement in f1 is about 10% for V q,=10V. Furthermore, as our simulation shows,
the overall distortion level in the output (i.e. collector) current is reduced by as much as
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Figure6.7  Improvementinfy at Vg, = 10V (dashed line) over
that at Vg, = OV (solid line).

20% when compared to zero substrate bias. The physical explanation for this reduction is
asfollows.

One key contributor to distortion is the nonlinearity of the base-collector junction
capacitance, which is modulated by the large swing of the output signal. When a high
electron concentration layer is present at the Si-SiO,, interface, the potential at this layer is
essentially clamped (or “locked”), limiting the AC voltage swing across the base-collector
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Figure6.10  Logarithmic contour (left) and perspective (right) plots for
the 2nd harmonic of electron concentration.
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Figure6.11  Logarithmic contour (left) and perspective (right) plots for
the 2nd harmonic of electrostatic potential.

junction. This phenomenon causes a reduction in the distortion levels present throughout
the transistor.
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Figure 6.8 Harmonic distortion in collector current as a
function of substrate bias.
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Figure 6.9 Collector current spectrum for one-tone (left) and two-tone (right)
simulations.

The grid size for simulating this device was 1190 nodes. An H = 15 one-tone
simulation at a 50mV drive level with a base-emitter bias of 0.7V took 52 min. and 150
MB of RAM. The total number of unknowns for this simulation was 110,670. For a two-
tone intermodulation distortion analysis with 20mV tonesand H = 90, the total number
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sum or the difference frequency of the LO
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of unknowns was 646,170, the run-time was 3hr. 32 min., and the memory usage was 305
MB. Figure 6.8 shows the 2nd harmonic distortion as a function of substrate bias, while
Figure 6.9 shows spectral plots of the collector current for both the one- and two-tone
simulations. Asin the GaAs MESFET example of the preceding section, we note that the
simulator can compute harmonic distributions of fundamental variables inside the device.
As an illustration, plots of the 2nd harmonic of electron concentration (Figure 6.10) and
electrostatic potential (Figure 6.11) are shown. In the hands of an experienced device
designer, such information can help to identify the origins of distortion, and assist in
improving the device design.

6.3 A High-Q Single-BJT Mixer Example

A single-BJT mixer circuit is taken directly from [69], p. 445. The configuration is
shown in Figure 6.12 of this paper. The goal of the mixer circuit isto downconvert a 500.1
MHz RF signal down to a 100 kHz IF, using a 500 MHz LO. A resonant RLC circuit
having Q=2m100 isused (R = 15 kQ, C = 66.667 nF, L = 37.995 uH). The resonant
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Figure 6.13  Baseband spectrum of the collector current (left) and output
voltage (right). Note the suppression of distortion components
by the resonant circuit in the output waveform.

frequency is 100 kHz, and the high Q effectively filters out the IF-band distortion
products. The voltage source parameters used are V.. = 10V, V. = 0.7V,
Vgg = 0.05V at 500.1 MHz, and V| 5 = 0.15V at 500 MHz. A silicon BJT from [72]
was employed, resulting in a total (DC) system size of N = 2114. A harmonic balance
anaysisat H = 110 frequencies was carried out, for a total harmonic balance problem
sizeof (2H+ 1) N = 467, 194. The simulation required 64 min. and 219 MB of RAM.

The results are presented in Figure 6.13. Only the relevant baseband portions of the
spectrum are shown in the figure, due to the very large differential in the frequencies
present. The large levels of distortion present in the BJT’s collector current are effectively
filtered out using the RLC resonator. Consequently, the 200 kHz distortion component is
over 70 dB down relative to the desired IF signal at 100 kHz. The distortion level could be
further reduced by using aresonator with a higher Q, or by reducing the relatively high RF
drive level.

6.4 AnLDMOSDevicefor RF Applications

There has been growing interest in the use of silicon MOS transistors, and in particular
laterally-diffused (LDMOS) devices, for RF power amplification. Rotella has performed
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detailed harmonic balance PISCES simulations of an RF LDMOS device [6]. The
transistor cross-section and parasitic packaging components, along with a comparison of
the smulated vs. measured results, are shown in Figure 6.14. Several unique features are
incorporated into the structure to improve the RF and power performance characteristics
of the device[5]. Among these isalaterally diffused, graded channel that enhances the RF
performance through a drift region and prevents punch-through, thus increasing the
device's transconductance. A p* sinker, not shown in the figure but modeled by a side
contact to the device for simulation purposes, connects the source and substrate together
to eliminate extra bonding wires. An n-type LDD region decreases the electric field at the
drain end of the channel, and improves BV yss and Cgy.

For accurate RF simulation, proper modeling of parasitic components such as gate/
source resistances and interconnect capacitances can be as important as the modeling of
the intrinsic device structure itself. The comparison between simulated and measured
power gain and power added efficiency in Figure 6.14 shows a reasonable level of
agreement, especially considering the sensitivity of the results to parasitic components. A
detailed discussion of all the resultsis beyond the scope and aim of the present section; for
a more thorough treatment which includes the effect of device parameters on RF
performance, the interested reader isreferred to [6] and [5].

6.5 Summary

This chapter has presented several examples in order to demonstrate the ssimulator’s
applicability to practical problems, and to give the reader an indication of the kinds of
computing resource requirements needed by the code. Below, we present a table
summarizing the results. Due to the proprietary nature of the LDMOS example, the
PISCES input deck for the device was not avail able to the author, and thus the benchmarks
for the example are not supplied below.
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. KCL
Example N%; H Tsc’;ae‘ CPUTime | RAM
Eqgns
GaASFET (50mV) 952 2 15 | 88,598 | 6min40sec | 121MB
(medium-size grid)
GaASFET (100mV) 952 2 15 | 88,598 | 8min27sec | 121MB
(medium-size grid)
GaASFET (100mV) 1406 2 110 | 932,620 | 1lhr 45min | 360MB
(large grid)
SOl BJT 1190 0 15 | 110,670 | 29min 27sec | 150MB
(1-tone, 50 mV)
SOI BJT 1190 0 90 | 646,170 | 3hr 10min | 305MB
(2-tone, 20mV)
High-Q mixer 704 2 110 | 467,194 | 64min 11sec | 219MB
(2-tone,
0.15V LO, 0.05V RF)

Table 6.1

Summary of simulation results for the examples of Chapter 6.
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Chapter 7

Conclusion

7.1 Summary

The primary goal of this work was to develop algorithms for practica two-
dimensional device-level harmonic balance simulation, and to implement these algorithms
in a prototype code based on the PISCES-II simulator. Recent advances in large-scale
harmonic balance circuit simulation provide an excellent starting point for solving the
corresponding problem at the device level. However, the size, structure, and density of the
semiconductor device Jacobian necessitates development of special-purpose techniques
for solving device-level harmonic balance problems, particularly in the multi-tone case.
The agorithms presented in this work are geared towards enabling physics-based HB
device simulation on ordinary mid-range workstations. The prototype code developed
during the course of this research has been successfully applied to a number of device
structures from both industrial and academic sources, and has shown itself to be a
practical tool for investigating large signal distortion effects at the physical level.

The primary contributions of thiswork can be summarized as follows:

* A practical harmonic balance device simulator was developed based on the
PISCES-II code. To our knowledge, this is the first true harmonic balance based
semiconductor device simulation tool. All of the standard PISCES models and
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features are available — the HB analysis extension places no additional restrictions
on the device being simulated.

* Krylov subspace techniques were applied to solve the large-scale systems of
eguations that arise in HB device simulation. An investigation of the various
Krylov subspace solver variants showed that GMRES was superior to the
alternatives in the context of semiconductor device simulation.

* A sectioned preconditioner was developed to cope with device-level multi-tone
distortion analyses. The preconditioner provides dramatic reductions in memory
usage when compared to the block-diagonal preconditioners commonly employed
in circuit-level harmonic balance simulators.

» Techniques for reducing memory usage associated with storage of the HB Jacobian
representation were devel oped.1

» One unique advantage of harmonic balance device simulation is the availability of
internal state variables within the device structure. Plots of distortion in internal
device quantities such as electrostatic potential, free carrier concentration, and
conduction and displacement current densities have been presented in the course of
this research for various device structures.

7.2 Future Work

Several areas of investigation should be pursued in the future to improve on the
algorithms presented in this work, and to maximize the benefits of device-level HB
analysis. Further research is suggested in the following areas:

» Better preconditioners, particularly in the high-distortion regime, need to be
developed.

* Currently, the harmonic balance truncation orders are specified by the user. Ideally,
the simulator should adjust the truncation scheme during the course of asimulation
to provide sufficient accuracy.

1. These techniques were also independently developed by other groups working in the area of cir-
cuit simulation.
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» Although the spectral content of internal device quantities has been plotted, and in
some cases used by industrial device designers to optimize transistor structure, the
physical insight provided by the distortion plots is not fully understood. Future
work by device designers to exploit thisinformation is called for.

» A pardlel version of the simulator would speed simulation times considerably, as
most of the time-consuming operations used by the code are readily parallelizable.

» Multiple device capability, particularly in the context of a parallel version of the
code, would be useful for physics-based simulation of designs that require a small
number of physically modeled transistors simulated in conjunction with circuit-
based compact models.
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